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André Nies, Describing Groups, The Bulletin of Symbolic Logic,

V olume 13, Number 3, Sept. 2007, 305 − 339.

¸��



´¨Âúê
¸�� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ùÀ�Ø��÷ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . �õÀÖõÂ���³õ�î ��Üä ø ÕÎ�õ ¥� ü��õÀÖõ 11 . . . . . . . . . . . . . . . . . . . . . . . . . üû��µõ�÷ ø üû��µõ ý�ú÷���õ��� ø �ú÷��¥ 1.11 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . �ú÷��¥ 1.1.12 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . �ú÷���õ��� 2.1.13 . . . . . . . . . . . . (DFA) üãÎì üû��µõ ý�ú÷���õ���6 . . . . . . . . . . . . . . (NFA) üãÎì Â�è ý�ú÷���õ���6 . . . . . . . . . . . . . . . . Õþ¤�� Ýó ø ÝÑ�õ ý�ú÷��¥8 . . . . . . . . . . . . . . . . . . . . �ûö� �� ¯��Âõ ý�û ´¡�¨ ø ñø� �±�Âõ ý�ûö��¥ 2.18 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ñø� �±�Âõ ý�ûö��¥ 1.2.111 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ( �úóÀõ ) �û ´¡�¨ 2.2.1Çª



12 . . . . . . . . . . ´¡�¨ ×þ¤¢ �Î��¤ ×þ ýÂþÁ� ÓþÂã�13 . . . . . . . . . . ÂÚþ¢ üµ¡�¨ ¤¢ ´¡�¨ ×þ ýÂþÁ�Â�±ã�14 . . . . . . . . . . . . . . . . . . . . . . . . . . �þÂÑ÷14 . . . . . . . . . . . . . . . . . . . . .´¡�¨ ×þ �þÂÑ÷14 . . . . . . . . . . . . . . . . . . . . . . ýÂþÁ� Ý�ÞÊ�15 . . . . . . . . . . . . . . . . . . . . . . . ýÂþÁ� Û¬�15 . . . . . . . . . . . . . . . . . . . üû��µõ ýÂþÁ� Û¬�17 . . . . . . . . . . . . . . . . . . . . . . üµÈð¥�� �Î��¤18 . . . . . . . . . . . . . . . . . . . . . . ýÂþÁ� �±¨�½õ19 . . . . . . . . . . . . . . . . . . �÷��µÈð¥�� ÂþÁ� ©¤�Þª19 . . . . . . . . . . . . . . . . . . . ü��Æ� °��Âõ �ÜÆÜ¨ ýÂþÁ� Çþ�Þ÷-FA 220 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ýÂþÁ� Çþ�Þ÷-FA 1.221 . . . . . . . . . . . . . . . . . . ÂþÁ� Çþ�Þ÷-FA ý�úµ¡�¨ ��� ¤¢ üþ�þ�Ìì 1.1.225 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Ó�ã® ýÂþÁ� Çþ�Þ÷-FA 2.226 . . . . . . . . . . . . . . . . . . . . . . . . . F ö�� üµ¡�¨ ý�Â� Fω ÓþÂã� 1.2.227 . . . . . . . . . . . . . . Fω ý�úµ¡�¨ ��� ¤¢ üþ�þ�Ìì32 . . . . . . . . . . . . . . . . . . . ýÂþÁ��÷ Çþ�Þ��FA´Ôû
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�õÀÖõ?¢Âî Ó�¬�� ý¢øÀ½õ ��ä�Ï� �Ü�¨ø �� �¤ üû��µõ�÷ ÂþÁ� ©¤�Þª ùøÂð ×þ ö��� üõ �÷�Ú�.´¨� ùøÂð ö� ¥� üû��µõ Çþ�Þ÷ ×þ ý���¤� ,À�Ø�õ ¤�Î¡ ßû£ �� �î üû�¤ ß�óø�ø Gý�ûÀó�õ ý�ä�Þ¹õ A ö� ¤¢�î (A,R) °�Âõ üþ��ø¢ ¥� ´¨� �¤�±ä G ö�� ùøÂð ×þ ¥� Çþ�Þ÷ ×þö��¥ ¤¢ �ó¢�ãõ Âû ö�� .À÷�ª üõ �µª�Ú÷� e �î (R ⊆ F [A]) ´¨� A ýø¤ ¢�¥� ùøÂð ¥� ý��ä�Þ¹õÂþ¥ R�¤ R ö���üõ Å� ,Àª��( ùøÂð ü÷�Þû �Ìä) e ö� éÂÏ ×þ �î ¢Âî üÆþ�÷¥�� ý¤�Ï ö���üõ �¤ ùøÂð ×þÇþ�Þ÷ ×þ ý�¤�¢ G ö�� ù��¿ó¢ ùøÂð Âû ¢�Þ÷ ´��� ö���üõ .¢�Þ÷ üÖÜ� G ¤¢ ´¨¤¢ ��¢�ãõ ¥� ý��ä�Þ¹õ
G ý�Ìä� ý�Þû ý�ä�Þ¹õ �¤ A ý�ä�Þ¹õ �î ´¨� ö� ùøÂð Âû ý�Â� Çþ�Þ÷ ßþÂ� üúþÀ� âì�ø ¤¢ .´¨�éÂÏ ×þ �¤�¬ �� �µ±ó� �î) .ÝþÂ�Ú� ¤�÷ ¤¢ ùøÂð ßþ� ¤¢ ´¨¤¢ Í��ø ¤ ý�Þû ý�ä�Þ¹õ �¤ R ø Ý��îÂê(.À÷� ùÀª �µª�÷ eüû��µõ G ÂÚþ¢ �¤�±ä �� )Àª�� üû��µõ ý� �ä�Þ¹õ A �f ø� Âð� ÍÖê ø Âð� ´¨� üû��µõ üÈþ�Þ÷ ý�¤�¢ G ùøÂð.(Àª�� ÂþÁ� Û¬� �f�û��µõ G ÂÚþ¢ �¤�±ä �� )Àª�� üû��µõ ý� �ä�Þ¹õ R �f�÷�� ø (Àª�� À�ó�µó�ý�ûùøÂð ùø�ä �� ,À�µÆ�÷ üû��µõ À�ó���� ,�ûùøÂð ¥� üÜ�¡ �·õ .À�µÆ�÷ üû��µõ Çþ�Þ÷ ý�¤�¢ ,�ûùøÂð ý�Þû �õ�üì�� ùÀÈ÷ Û� ¥��û �î ý��ó�Æõ ùø�ä �� .À�µÆ�÷ ÂþÁ� Û¬� �f�û��µõ �î À÷¤�¢ ¢��ø ý¤��Æ� üû��µõ À�ó����ùøÂð ×þ ¥� ÓÜµ¿õÇþ�Þ÷ ø¢ ¢¤�õ ¤¢ üó��¨ �î ¢¤�¢ ¢��ø ���õ¥ ßþ� ¤¢ ,´¨� ¤�úÈõ 1�ÞÜî �ó�Æõ �� ø ,ùÀ÷�õ�þ À��îüõ Ó�¬�� �¤ ùøÂð ×þ ,üû��µõ Çþ�Þ÷ ø¢ �î ¢Â�Ú� Ý�ÞÊ� À÷��µ� �î ¢¤�¢ ¢��ø Àõ�¤�î üªø¤ �þ� .´¨�?Â�¡,xøÂÔõ �Ìä �î ¢Â�Ú� Ý�ÞÊ� ùøÂð ×þ ¥� üû��µõ Çþ�Þ÷ ¥� ù¢�Ôµ¨� �� �î ¢¤�¢ ¢��ø Àõ�¤�î üªø¤ �þ�?Â�¡ �þ ´¨� ü÷�Þû �Ìä�Ü�Âõ Âû ý�Â�� ý�Â� �î ´¨� �Ü�Âõ �� �Ü�Âõ üÜÞãó� ¤�µ¨¢ ,Àõ�¤�î ©ø¤ ×þ ¥� ¤�Ñ�õ ý¢�úª ¤�Ï ��ý�ûß�ª�õ ø �ûö���õ��� ö�� üÞ�û�Ôõ ý¢�úª ��úÔõ ßþ� Õ�ìÀ� ý�Â� .Àª�� �µª�À÷ ü¬�¡ ´�ì�¡ �� ���µ��.´¨� ùÀõ� ��õÀÖõ ÛÊê ¤¢ �ú÷� ¥� ýÂÊµ¿õ �Âª �î ,´¨� ùÀª üêÂãõ �±¨�½õ

word problem 1�÷



üûøÂð ý�Â� üû��µõ Çþ�Þ÷ ×þ ¢��ø �ø¢ ¯Âª ,Àª �µÔð ùøÂð ×þ üû��µõ Çþ�Þ÷ ¢¤�õ ¤¢ �î ¤�Î÷�Þû�µØþ �¤�¬ �� üµ¿þÂØþ À� ¤¢ Ó�¬�� ßþ� �� ùøÂð ö��î ý¤�Ï�� ,´¨� ö� ö¢�� ÂþÁ� Û¬� �f�û��µõ ,G ö��ý�û´¡�¨ ¢¤�õ ¤¢ üÖÎ�õ ý�þ�Ìì ø ÕÎ�õ �� �¤ �õ�÷ö�þ�� ßþ� �î ´¨� ý��� ö�Þû ßþ� .¢¢Âð É¿Èõ.Àû¢üõ À÷��� ÂþÁ� Û¬� �f�û��µõ.´¨� ùÀª ù¢�¢ ´¨¢ �� G ö�� üû��¿ó¢ ùøÂð ¥� üÔ�¬�� ß��� ý�Â� ©ø¤ ø¢É¿Èõ ¤�Ï ��ö� ý�Ìä� Âð� ÍÖê ø Âð� ´¨� üû��µõ ö���õ��� ×þ �Ü�¨ø �� Çþ�Þ÷ Û��ì ,G ö�� ù��¿ó¢ üûøÂð -Óó�¥� üÈþ�Þ÷ ý�û�ó�±÷¢ ý�ä�Þ¹õ �î ý¤�Ï �� ¢�¢ Çþ�Þ÷ üû��µõ ý�±Ôó� ×þ ýø¤ üþ�û�ó�±÷¢ �Ü�¨ø �� ö��µ� �¤ÛÞä ùø�ä �� ø ¢�õ¥� üû��µõ ö���õ��� ×þ �� ö��µ� �¤ �ú÷� ß�� ýø�Æ� ý�Î��¤ «�Ê¡ �� ø ùøÂð ý�Ìä�.Àª�� ö���õ��� ßþ� �� É�¿È� Û��ì ö� ¥� �Ìä ø¢ Âû ý�¥� �� ��÷ ùøÂðø ö¢�� üû��µõ�÷ ßµÆ÷�¢ �� Âð� ÍÖê ø Âð� ´¨� ÂþÁ� Û¬� �f�û��µõ �±ª ,üû��µõ À�ó�� �� üû��µõ�÷ ùøÂð ×þ -��� üµ¿þÂØþ °þÂÖ� �� �¤ ö� �î Àª�� ¢���õ ö��� ùøÂð ö� ö��¥ ¤¢ üóø� ��¤¢ ý�ÜÞ� ,ö� ö¢�� üû��µõ À�ó�� ��.À�î Ó�¬�� �µØþ �¤�¬ý�Â� �î Ýþ¥�¢Â�üõ üÞ�û�Ôõ ÓþÂã� ø üêÂãõ �� ,ñø� ÛÊê ¤¢ .´¨� ùÀª Ý�ÆÖ� ÛÊê ¤�ú� �� �õ�÷ö�þ�� ßþ�öÀª ßªø¤ ý�Â� ÛÊê ßþ� ¤¢ .À�¨¤üõ ÂÑ÷ �� ý¤øÂ® �õ�÷ö�þ�� ßþ� üÜ¬� ý�ûÇ¿� Ý�û�Ôõ ø �þ�Ìì í¤¢�� �µ¨��� ø ¢�� À�û��¡ ýÀã� ý�ûÇ¿� ý�þ�Ìì ø �úó�·õ Ýúê À�Üî �î ùÀª ù¢¤ø� üþ�þ�Ìì ø �úó�·õ Ý�û�Ôõ ßþ�.Àª Àû��¡ á��¤ �ú÷�ü�ãþ .Ýþ� ù¢¥ ´¨¢ ,Â� ù¢ÂµÆð ü¨��Öõ ¤¢ üóø ,�û ùøÂð Ó�¬�� ý�Â� Óó� ©ø¤ ¼þÂÈ� �� ,�ø¢ ÛÊê ¤¢¥� Â �â �¨ø ¤� �Æ � �ú ÷� ýùÂ þ�¢ �î) �û ´¡�¨ ý�Â � ,ö� �� õ� �� ×þ Í¨� � ýÂ þÁ � Çþ�Þ ÷ ý� þ�Ìì ø Ý�û�Ôõ.´¨�ùÀª ù¢�¢ ¼�®�� (´¨�ûùøÂðý�û¤�µ¡�¨ ¢¤�õ ¤¢ üþ�þ�Ìì ,Ýþ�ù¢Âî �ÂÎõ �û´¡�¨ ý�Â� �î üõ�Þä ý�þ�Ìì ¥� ù¢�Ôµ¨� �� ,��¨ ÛÊê ¤¢ü¨¤Â� ,À÷� Ó�¬�� Û��ì ©ø¤ ßþ� �� �î üþ�ûùøÂð üðÀ�»�� ø ´¨�ùÀª �ÂÎõ �ûùøÂð«�Ê¡ �� ø ýÂ±�.´¨�ùÀª�� ùøÂð ×þ ¢Âê �� ÂÊ½�õ ýÀ���¤�¬ ü�ãþ ,�ûùøÂð Ó�¬�� ý�Â� � ©ø¤ ¼þÂÈ� �� ,�¤�ú� ÛÊê ¤¢.Ýþ� �µ¡�¢Â� ,ùÀª ù¢�¢ ¼�®��Îþ�Âª
ù¢



ñø� ÛÊê
Â���³õ�î ��Üä ø ÕÎ�õ ¥� ü��õÀÖõ

üû��µõ�÷ ø üû��µõ ý�ú÷���õ��� ø �ú÷��¥ 1.1
�ú÷��¥ 1.1.1

Σ ý�û¢�Þ÷ ¥� üû��µõ �ó�±÷¢ Âû �� .ÀþÂ�Ú� ÂÑ÷ ¤¢ �±Ôó� ö���ä �� �¤ �û¢�Þ÷ ¥� Σ üû��µõ ø üú� Â�è ý�ä�Þ¹õ.À�þ�ð üõ Σ ýø¤ �ÞÜî ×þ¥� �î ´Æþ� �ó�±÷¢ ,U ý�ÞÜî �� V ý�ÞÜî ñ�Ê�� .À�û¢ üõ Çþ�Þ÷ Σ∗�� �¤ Σ ýø¤ ��ÞÜî ��Þ� �ä�Þ¹õýø¤ ÂÔ¬ ñ�Ï �� ý� �ó�±÷¢ .Ý�û¢ üõ Çþ�Þ÷ UV �� �Â÷� ø Àþ� üõ ´¨À� U ´¨�¤ ý�úµ÷� �� V �ó�±÷¢ ßµ¨���.À�û¢ üõ Çþ�Þ÷ λ �� �Â÷� ��Þãõ ø À�õ�÷ üõ üú� �ÞÜî �¤ ù��¿ó¢ ý�±Ôó� Âûñ�·õ ¤�Ï �� .Ý�û¢ üõ Çþ�Þ÷ |U | �� �Â÷� ø ´¨� ö� ¢�Þ÷ U �î ´Æþ� �ó�±÷¢ ñ�Ï âì�ø ¤¢ U Û·õ �ÞÜî Âû ñ�Ï.|UV | = |U | + |V | ñ�·õ ¤�Ï �� �þ ,´¨� |U | = 4 ù�Ú÷� Àª�� U = abca Âð� ø |λ| = 0 �î ´¨� ¼®�ø1



üû��µõ�÷ Âð� ø üû��µõ ö��¥ ×þ �¤ L Àª�� üû��µõ L ñ��þ¢¤�î Âð� .´¨� Σ∗ ¥� ý��ä�Þ¹õ Âþ¥ L ö�� ö��¥ ×þý�Â� Û®�Ô� ø í�Âµª� ,á�Þµ�� ���ÜÞä ,À�µÆû �ä�Þ¹õ �ú÷��¥ ö�� .Ý�õ�÷ üõ üû��µõ�÷ ö��¥ ×þ �Â÷� Àª��.´¨� ÓþÂã� Û��ì �ú÷�
L = Σ∗ − L ü�ãþ .´Æ�÷ L ¤¢ �î Σ ý�Ìä� ¥� üû��µõ ý�û �ó�±÷¢ �Þû ý�ä�Þ¹õ ¥� ´Æ�¤�±ä L ö��¥ ÝÞµõ.¢�ª üõ ÓþÂã� Âþ¥ �¤�¬ �� L2ø L1 ö��¥ ø¢ ñ�Ê��

L1L2 = {UV |U ∈ L1, V ∈ L2}
L0 = {λ} Ýþ¤�¢ L0 ý�Â� ø .´¨� ©¢�¡ �� L ñ�Ê�� ¤�� n ü�ãõ �� Ln

�ú÷���õ��� 2.1.1¤¢ üû�Ôª �¤�¬ �� �î üþ�ûÝµþ¤�Úó� À�÷��� üõ �î À�µÆû ü��±¨�½õ ý�ú��ª�õ ¥� üþÀ�±�¤�¬ âì�ø ¤¢�ú÷���õ���.À�þ�Þ÷ ñ�±÷¢ �¤ À÷�ª üõ ö��� üÆ�ÜÚ÷� ø ü¨¤�ê ö�� üã�±Ï ý�ú÷��¥×þ °�Öã� «�Ê¿õ ö���õ��� Âû �îý¤�Ï �� À�µÆû Â���³õ�î ¥� üä��µ÷� ý�úóÀõ �ú÷���õ��� ÂÚþ¢ �¤�±ä ��¢�ª üõ Âê .À�µÆû ý¢ø¤ø öÀ÷��¡ ý�Â� üõ��÷�Øõ ý�¤�¢ �ú÷���õ��� �Þû .¢�ª üõ ü��ÂÏ «�¡ Ýµþ¤�Úó�.´¨� ùÀª �µª�÷ ý¢ø¤ø Ûþ�ê ×þ ýø¤ �î ´¨� ùÀª ù¢�¢ ý�±Ôó� ¥� ý� �µª¤ ý¢ø¤ø ßþ� �îø ùÀª Ý�ÆÖ� üþ�úó�Ü¨ �� ý¢ø¤ø Ûþ�ê .Àû¢ Â��ç� �Â÷� À÷��� üÞ÷ üóø À÷��¿� �¤ ý¢ø¤ø Ûþ�ê À÷��� üõ ö���õ����÷�È÷ ×þ ¤�� Âû ø ´¨�¤ �� ²� ¥� ý¢ø¤ø Ûþ�ê .Àû¢ ý�� ¢�¡ ¤¢ À÷��� üõ �¤ �±Ôó� ¥� �÷�È÷ ×þ ñ�Ü¨ ÂûöÀ÷��¡ ¥� �Ü�Âõ Âû ¤¢ �fä�÷ ø Àû¢É�¿È� �¤ ý¢ø¤ø ý�úµ÷� À÷��� üõ öÀ÷��¡ ���÷�Øõ .¢�ª üõ ùÀ÷��¡�÷ ø ) �ú÷���õ��� üÜî �¤�¬ �� .Àþ�Þ÷ À�ó�� (´Æ�÷ ý¢ø¤ø �ÞÜî ý�±Ôó� ¤¢ �fõø�ó �î ) ü�øÂ¡ À÷��� üõ�î ,À�ª�� ´ì�õ ý�Ñê�� ý�¤�¢ À�÷��� üõ (Ýþ¤�¢ ¤�îøÂ¨ �ú÷� �� �õ�÷ ö�þ�� ßþ� ¤¢ �î üû��µõ ý�ú÷���õ���ý�¤�¢ ö���õ��� .À�û¢ ý�� ¢�¡ ¤¢ �¤ �±Ôó� ¥� �÷�È÷ ×þ À�÷��� üõ ��Àî Âû ø ´¨� ñ�Ü¨ üû��µõ�÷ ¢�Àã� ý�¤�¢.Àª�� �úµ�ã®ø ßþ� ¥� üØþ ¤¢ À÷��� üõ (�Ü�Âõ Âû ¤¢) ö�õ¥ Âû ¤¢ �î ´¨� ý� üÜ¡�¢ (����) ý�úµ�ã®ø2



�� ,Àª�� �Ñê�� ý�¤�¢ Âð� ��÷ ø ¢¤�¢ ¤�Âì ö� ¤¢ �î üµó�� �� ���� �� ø ý¢ø¤ø ¥� éÂ� ×þ öÀ÷��¡ �� ö���õ����þ ø �Ü�Âõ ×þ �¤ ýÀã� ´ó�� �� ´ó�� ×þ ¥� Â��ç� .À�î üõ ß��ã� �¤ ¢�¡ ýÀã� ´�ã®ø ,ö� ý��µ½õ �� ����Â��ç� Âð� .À÷�ª üõ Ý�ÆÖ� üãÎì Â�è ø üãÎì ý�µ¨¢ ø¢ �� �ú÷���õ��� �Ø÷� Â¡� ´¨¢ .À�õ�÷ üõ ´îÂ� ×þö� ¤¢ ö���õ��� �î üµ�ã®ø ö¢�� ��Üãõ �� �Ü�Âõ Âû ¤¢ ü�ãþ ,¢Â�ð �¤�¬ â��� ×þ Í¨�� ö���õ��� ×þ ´�ã®øù�Ú÷� ,¢�ª ß��ã� ¢Âê ��ÂÊ½�õ �¤�¬ �� ýÀã� ´�ã®ø ,¢�ª üõ ùÀ÷��¡ �î ý¢ø¤ø ö¢�� ��Üãõ ��÷ ø ¢¤�¢ ¤�ÂìÍ¨�� �ú÷� ¤¢ ´�ã®ø Â��ç� �î üþ�ú÷���õ��� ü�ãþ �¤�¬ ßþ� Â�è ¤¢ .Ý�þ�ð üõ (ß�ãõ) üãÎì �¤ ö���õ��� ö�.À�þ�ð üõ (ß�ãõ�÷) üãÎì Â�è ý�ú÷���õ��� �¤ ¢Â�ð üõ �¤�¬ ( â��� ×þ �fõø�ó �÷ ø ) �Î��¤ ×þ
(DFA) üãÎì üû��µõ ý�ú÷���õ���ßþ�Â���� ´Æ�÷ ´ì�õ �Ñê�� ý�¤�¢ �î ´¨� ü÷���õ��� ,1üãÎì üû��µõ ö���õ��� ×þ ,Àª ù¤�ª� �f ±ì �î ¤�Î÷�Þû�� Ýû ö� ø �¤ ��ä�Ï� üÞî ¤�ÀÖõ ø À÷¤�¢ ÛØÈõ �±¨�½õ ñ�Ï ¤¢ ��ä�Ï� ö¢¤ø� ¢��� ¤¢ �ú÷���õ��� á�÷ ßþ�ö� ( ���� ) ý�úµ�ã®ø ¢�Àã� �f�Þ® ø À÷¤�³Æ� ÂÏ�¡ �� À�÷��� üõ üÜ¡�¢ ´�ã®ø ×þ ¤¢ ßµêÂð ¤�Âì �¤�¬.´¨� üû��µõ ��÷ �û:ö� ¤¢ �î ¢�ª üõ ÓþÂã� M = (Q,Σ,D∗, δ, q0,F) üþ��Çª �Ü�¨ø �� üãÎì ö���õ��� ×þ.À�î üõ É¿Èõ �¤ ö���õ��� ý�úµ�ã®ø �ä�Þ¹õ �î ´¨� üû��µõ ý��ä�Þ¹õ : Q.À�î üõ ß�ãõ �¤ ý¢ø¤ø ý�±Ôó� �ä�Þ¹õ �î ´¨��û �÷�È÷ ¥� üû��µõ ý��ä�Þ¹õ : Σüþ�ú÷���õ��� �î À�ª�� �µª�¢ ���� .À÷�ª üõ ùÀ�õ�÷ ü�øÂ¡ ý�±Ôó� �î ´¨��û�÷�È÷ ¥� üû��µõ ý��ä�Þ¹õ : D. ¢¤�À÷ �¤ �ä�Þ¹õ ßþ� ,¢�ª üõ �µÔð üû��µõ ý ùÀ÷ÂþÁ� �ú÷� �� ø À��î üÞ÷ À�ó�� ü�øÂ¡ �î.¢�ª üõÉ¿Èõ δ : Q×Σ → Q×D �¤�¬ �� �î ´ó�� Â��ç� â��� : δ.À�î üõ ¤�î �� áøÂª ´ó�� ßþ� ¥� ù¤��Þû ö���õ��� �î ´¨� Q ¥� ý�Ìä : q0ý�úµ÷� ¤¢ Âð� �î ü�ãõ ßþÀ� ,À÷�ª üõ ùÀ�õ�÷ üþ�ú÷ ©ÂþÁ� ý�úµ�ã®ø �î ���� ¥� ý� �ä�Þ¹õ Âþ¥ : F

Determinestic Finite Automata 13



.´¨� ùÀª ��¹÷� üµ¨¤¢ �� ©¥�¢Â� ,Àª�� �µª�¢ ¤�Âì �úµ�ã®ø ßþ� ¥� üØþ ¤¢ ö���õ��� ,�ÞÜî ×þ ©¥�¢Â�ü��ÞÜî ��Þ� ø Àª�� Σ = {a, b} ö� ý¢ø¤ø ��ÞÜî ý�±Ôó� �î ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ ü÷���õ��� �f ·õ : 1.1.1 ñ�·õ�� �¤ ö���õ��� ßþ� �ÂÏ .À�î ©ÂþÁ� �¤ À�ª�� Ýû Â¨ ´È� ý b �¨�þ Ýû Â¨ ´È� ý a �¨ Ûì�À� ý�¤�¢ �î �¤.´¨� ö���õ��� ßþ� ý�Â� δ â��� éÂãõ âì�ø ¤¢ é�Âð ßþ� .Ý�û¢ üõ Çþ�Þ÷ Âþ¥ é�Âð
Q = {q0, a1, a2, a3, b1, b2, b3} �¤�¬ �� ö���õ��� ßþ� ý�úµ�ã®ø �ä�Þ¹õ ø Σ = {a, b} ö���õ��� ßþ� ¤¢

üãÎì ö���õ��� ×þ ¥� üó�·õ :1-1ÛØª¤¢ ø ¢¤�À÷ �¤ D ü�ãþ ü�øÂ¡ ý�±Ôó� Àª �µÔð �f ±ì �î ¤�Î÷�Þû Å� ,À�î üÞ÷ À�ó�� ü�øÂ¡ ö���õ��� ßþ� .´¨�.´¨� üû��µõ ýùÀ÷ÂþÁ� ×þ âì�øö� ¤¢ ùÀ÷��¿÷ �¤ ý¢ø¤ø º�û ¥��û �Ø�÷�õ¥ ö���õ��� �î üµó�� ü�ãþ ´¨� ö���õ��� ßþ� üþ�Àµ�� ´ó�� q0 ∈ Qýø¤ ü��±¨�½õ ùÂ�¹÷¥ ý�úµ÷� ¤¢ Âð� �î Àû¢ üõ ö�È÷ ø ´¨� F = {a3, b3} ⊂ Q ö���õ��� ßþ� ¤¢ .¢¤�¢ ¤�Âìßþ� ý�Â� ñ�·õ ¤�Ï �� .¢ÂþÁ� üõ �¤ �ÞÜî ö� ö���õ��� ßþ� Àª�� b3 �þ a3 ´ó�� ¤¢ ö���õ��� ,ý¢ø¤ø �ÞÜî ×þ: ´¨� Âþ¥ �¤�¬ �� abba �ÞÜî ýø¤ ü��±¨�½õ ùÂ�¹÷¥ ö���õ���
a1 ´ó�� �� ö� ��õ� �� ßþ� ( a ü�ãþ ) ý¢ø¤ø éÂ� ß�óø� öÀ÷��¡ � � .¢¤�¢ ¤�Â ì q0 ´ó�� ¤¢ ö���õ� �� �Àµ ��¢ø ¤ üõ b1 ´ó�� �� ( b ü�ãþ )�ÞÜî ßþ� ¥� ýÀã� éÂ� öÀ÷��¡ �� ö���õ��� ßþ� Å³¨ (δ(q0, a) = a1) .¢ø¤üõ�ÞÜî ßþ� éÂ� ßþÂ¡� öÀ÷��¡ �� ø b2 ´ó�� �� ö���õ��� ý¢ø¤ø �ÞÜî ¥� ýÀã� b öÀ÷��¡ �� (δ(a1, b) = b1)4



ý�úµ�ã®ø Ǒ�� �î a1 ´�ã®ø ¤¢ ö���õ��� �Ø�ó�� ¤¢ ¢�ª üõ ��Þ� �ÞÜî �¹�þ� ¤¢ .¢ø¤ üõ a1 ´ó�� �� a ü�ãþ��±¨�½õ ùÂ�¹÷¥ ßþ� ö��� üõ .¢ÂþÁ� üÞ÷ �¤ �ÞÜî ßþ� ö���õ��� Å� .¢¤�¢¤�Âì ,´Æ�÷ ö���õ��� ßþ� üþ�ú÷ ©ÂþÁ�¤¢ ùÀª �µÔð ©ø¤ ö¢Âî ñ�±÷¢ �� .¢�¢ Çþ�Þ÷ δ(q0, abba) = a1 �¤�¬ �� �¬�¡ ¤�Ï �� �¤ �û´�ã®ø Â��ç� øüØþ �î b3 ¤¢ ´þ�ú÷ ¤¢ ö���õ��� ¤�� ßþ� ö��,δ(q0, abbba) = b3 �î ¢�¢ ö�È÷ ö��� üõ abba ý�ÞÜî ý�Â� ���.¢ÂþÁ� üõ �¤ abbba ý �ÞÜî ö���õ��� ßþ� ,¢Â�ð üõ ¤�Âì ´¨� üþ�ú÷ ©ÂþÁ� ����¥��î ´¨� Âþ¥ é�Âð �� ùÀª ù¢�¢ Çþ�Þ÷ ö���õ��� ,ü�øÂ¡ �� üãÎì ý�ú÷���õ��� ¥� ÂÚþ¢ üó�·õ : 2.1.1 ñ�·õ.À�î üõ À�ó�� ø¢ ßþ� âÞ� ö���ä �� �¤ üµ�� n ¢Àä ×þ ø �µêÂð �¤ üµ�� n ý Â�þ�� ¢Àä ø¢

.À�î üõ âÞ� Ýû �� �¤ üã�±Ï ¢Àä ø¢ �î ,ü�øÂ¡ �� üãÎì ö���õ��� :2-1ÛØª�¤ ´¨� an−1...a1a0 �¤�¬ �� �î a ýÂ�þ�� ¢Àä ø bn−1...b1b0 �¤�¬ �� �î �¤ b ýÂ�þ�� ¢Àä ö���õ��� ßþ�üÜ±ì ý�û ´�� ´Ô� âÞ� ¥� �î üÜÖ÷ Ýì¤ §�¨� Â� ø À÷��¡ üõ (ai, bi) ý�û °�Âõ �ø¥ �¤�¬ �� ´¨�¤ ¥�´ó�� ¤¢ ö���õ��� ßþ� ´�� n ßþ� âÞ� ¥� Àã� Âð� .À�î üõ À�ó�� ü�øÂ¡ ¤¢ �¤ ´�� ø¢ ßþ� âÞ� ,ùÀª Û¬��¤¢ Âð� üóø .´¨� �µêÂð �¤�¬ ´�� n ¤¢ 2�þ¤ Â¨ öøÀ� ü�ãþ üµ¨¤À� âÞ� ßþ� Àª�� (No Carry) NCßþ� ø �µêÂð �¤�¬ �þ¤Â¨ ü�ãþ (Carry) Àª�� �µª�¢ ¤�Âì C ´ó�� ¤¢ ö���õ��� b ø a Â¡� ý�úµ�� âÞ� ý�úµ÷��µêÂÚ÷ �¤�¬ ´�� n ¤¢ üµ¨¤¢ �� âÞ� �¹�µ÷ ¤¢ ø ´¨� Çþ�Þ÷ Û��ì ´�� n+ 1 ¤¢ �ØÜ� ´�� n ¤¢ �÷ âÞ�.{NC,C} ¥� ´Æ�¤�±ä (Q)ö���õ��� ßþ� ���� �ä�Þ¹õ .´¨�
Over flow 25



Û��ì ö���õ��� ßþ� é�Âð ¥� δ â��� .´¨� D = {1,0} ö� ü�øÂ¡ ý�±Ôó� ø Σ = {0,1} ö� ý¢ø¤ø ý�±Ôó��� ÷ ö� ©ÂþÁ� � þ üþ�ú÷ ´�ã®ø ø NC ´�ã®ø ö�Þû q0 ü�ãþ ö���õ��� ßþ� �� óø� ´�ã®ø .´¨� ñ�Ê�.´¨� F = {NC}

(NFA) üãÎì Â�è ý�ú÷���õ���â �� � � ûö� ¤¢ � î �ø� Ô � ß þ� � � .À � µÆû üãÎ ì ý�û ö� �� õ� �� À � ÷� õ �f Ö � ì¢ � � ÷ 3üãÎì Â � è ý�ú ÷� �� õ� ��.Àû¢ üõ δ ⊆ Q×Σ×Q×D �Î��¤ �� �¤ ¢�¡ ý�� δ : Q×Σ → Q×Dø ¢�Þ÷ ÛþÀ±� (DFA) ×þ �� (¤�ø Ýµþ¤�Úó�) ýÀõ�¤�î �¤�¬ �� ö��µ�õ�¤ (NFA) Âû �î ¢�¢ ö�È÷ ö��� üõ.Ý��î üõ üª�� ÝÈ� �¹�þ� ¤¢ ö� ü¨¤Â� ¥� �õ ßþ�Â����Õþ¤�� Ýó ø ÝÑ�õ ý�ú÷��¥¤¢ �¤ ö���õ��� ßþ� �î ´¨� ý¢ø¤ø ý�±Ôó� ýø¤ ü��ÞÜî ��Þ� ö���õ��� ßþ� ö��¥ .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ M ö���õ���: Ýþ¤�¢ M = (Q,Σ,D∗, δ, q0,F) ý�Â� ü�ãþ .À�û¢ üõ ¤�Âì ¢�¡ ©ÂþÁ� ���� ¥� üØþ ¤¢ ´þ�ú÷
= M ö���õ��� �� ¯��Âõ ö��¥ :LM = {w ∈ Σ∗|δ(q0, w) ∈ F}©ÂþÁ� ý�úµ�ã®ø ¥� üØþ ¤¢ ´þ�ú÷ ¤¢ �ú÷� ýø¤ �±¨�½õ ñ�Þä� �� ö���õ��� �î Σ ý�±Ôó� ýø¤ ü��ÞÜî �Þû }.{¢Â�ð üõ ¤�Âì ¢�¡ üþ�ú÷ÝÑ�õ L ö��¥ ÂÚþ¢ �¤�±ä �� .¢�ª üõ �µÔð ÝÑ�õ ü÷��¥ ¢�ª �µêÂþÁ� üû��µõ ö���õ��� ×þ Í¨�� �î L ö��¥ ��Âû ýø¤ �±¨�½õ ´½� ø ¢�¡ q0 ´�ã®ø ¥� áøÂª �� �î Àª�� �µª�¢ ¢��ø üû��µõ ö���õ��� Âð� ÍÖê ø Âð� ´¨�.¢Â�ð ¤�Âì üþ�ú÷ ©ÂþÁ� ´�ã®ø ¤¢ ´þ�ú÷ ¤¢ L ö��¥ �� ÕÜãµõ ��ÞÜî ¥� ×þý�¤�¢ �î ´êÂð ÂÑ÷ ¤¢ �¤ ü÷���õ��� ö��� üõ °ÜÎõ ßþ� í¤¢ ý�Â� .´¨� ÝÑ�õ üû��µõ ö��¥ Âû �î ´¨� ¼®�ø
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ßþ�Fø Acc ö���õ��� ßþ� q0 .À�µÆû ¢¤ ø ©ÂþÁ� ý�û´�ã®ø °��Â� �� �î ´¨� Rej ø Acc ´�ã®ø ø¢�¤�¬ ßþ� Â�è ¤¢ ø Acc´ó���� L ��ÞÜî ��Þ� ý�¥� �� ö���õ��� ßþ� .ÝþÂ�ð üõ ÂÑ÷ ¤¢ {Acc} ��÷ �¤ ö���õ���.¢ø ¤ üõ Rej ´ó�� ��:Ýþ¤�¢ �¤ Âþ¥ Ýó üû��µõ�÷ ÝÑ�õ ý�û ö��¥ ¢¤�õ ¤¢ �õ�: Õþ¤�� Ýó´¨� üÜ¡�¢ ´�ã®ø n ý�¤�¢ �î M ö�� ü÷���õ��� Í¨�� �î Àª�� üû��µõ�÷ ÝÑ�õ ö��¥ ×þ L À��îÂê�þ Âµð¤�� üó�Ï ý�¤�¢ �î w Û·õ ý� �ÞÜî Ûõ�ª ö��¥ ßþ� �î À��î Âê ��÷ ø ( |Q| = n ) ¢�ª üõ �µêÂþÁ��¤�¬ ßþ� ¤¢ .´Æû ý�w ß��� ý�¤�¢ �fÞµ� ,´¨� üû��µõ�÷ L ö�� .( |w| ≥ n ).Àª�� ,´¨� n ýø�Æõ�� wi = xyiz �î ý¤�Ï �� |y| ≥ 1 ø |xy| ≤ n ö� ¤¢ �î ¢¤�¢ ¢��ø w �ÞÜî ý�Â� w = xyz ö�� ý� �þ�¹�.Àª�� L ö��¥ ¤¢ i ∈ N Âû ý�¥�Õ±Ï �î w ý �ÞÜî ñ�� .Àª�� q0, ..., qn−1 ý�úµ�ã®ø ý�¤�¢ DFA ßþ� �î À��îÂê °ÜÎõ ßþ� ��±�� ý�Â�ß�� ö���õ��� �î�¤ üþ�û ´�ã®ø ý �ä�Þ¹õ .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ ,´¨� n ýø�Æõ �þ Âµð¤�� ö� ýù¥�À÷� Âêö�� .Àª�� q0, ..., qi, .., qf �¤�¬ �� °��Â� ßþ� À��î Âê ø ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ ¢¤Áð üõ �ú÷� ¥� w ©¥�¢Â��÷� Û¬� Õ±Ï ,(´¨� n ýø�ÆõÂµð¤�� w ý �ÞÜî ñ�Ï ö��) ´¨� ´�ã®ø n+ 1 ý�¤�¢ Ûì�À� °��Â� ßþ��� ´îÂ� m ¥� Å� Â·î�À� üû��µõ ö���õ��� ßþ� �î ü�ãõ ßþ� �� .¢�ª ¤�ÂØ� Àþ�� ´�ã®ø ×þ Ûì�� ýÂ��±î.¢¢Âð üõ ¥�� üÜ±ì ´�ã®ø ×þ.Àª�� q0, ..., qr, ..., qr, ..., qf �¤�¬ �� Àþ�� °��Â� ßþ� ü�ãþ
q0, qi, ...
︸ ︷︷ ︸

x

, qr, ..., qr
︸ ︷︷ ︸

y

, ..., qf
︸ ︷︷ ︸

z

δ(q0, x) = qr � î Ý � þ� Þ ÷ü õ ��¿ µ ÷� ö� � � �¤ z ø y ø x ��Þ Ü î ùÀ ª ù¢�¢ Ç þ� Þ ÷ �� �¤¢ � î ¤� Ï ö� Þ û,´Æ�÷ üú� ý �ÞÜî y ü�ãþ ,|y| ≥ 1 �î ´¨� ¼®�ø ��÷ ø |xy| ≤ n :Ýþ¤�¢ δ(qr, z) = qf ø δ(qr, y) = qrø©¥�¢Â� ý �¨øÂ� ¤¢ ß�ª�õ ´ó�� ö¢¥ ¤ø¢ ßþ� �î Àþ¢ ö��� üõ üµ��Â� .Àª�� üú� ý� �ÞÜî z ´¨� ßØÞõ üóøüÜä Åìø δ(qr, yyy) = qr ��÷ ø δ(qr, yy) = qr Å� δ(qr, y) = qr ö�� .¢Âî ¤�ÂØ� ö��� üõ �±�Âõ Âû ¥� �¤ y7



w Âê Õ±Ï �î�Â�) qf ∈ F ö�� ø δ(q0, xyiz) = qf Å� .δ(qr, yi) = qr :Ýþ¤�¢ i ∈ NÂû ý�Â� ü�ãþ .�Áû.´¨� ÝÑ�õ ö��¥ ßþ� �Ìä wi Âû Å� (¢�È�õ �µêÂþÁ� ö���õ��� ßþ� Í¨�� �î ´¨� ý� �ÞÜî.´Æ�÷ ÝÑ�õ L = {anbn|n ∈ N} ö��¥ �f ·õ¢�À ã � �f · õ� � üû� � µ õ ö� �� õ� �� × þ Í¨� � Å� ,Àª� � ÝÑ � õ ü ÷� �¥ ö� �¥ ß þ� � î Ý � � î Â ê :�� ± ��ø w ∈ L ö�� .´¨� ö� �¥ ßþ� �Ìä w = akbk �î ´¨� É¿Èõ .¢�ªüõ �µêÂ þÁ � k üÜ¡�¢ ý�úµ�ã®ø¢��ø |y| ≥ 1 ø |xy| ≤ k Íþ�Âª � � w = xyz �¤�¬ � � w ý�Â � ý� � þ�¹ � Õ þ¤� � Ý ó Õ ±Ï Å� |w| ≥ k� î ý¤� Î � Ý þÂ � Ú � Â Ñ ÷ ¤¢ �¤ xy = as Â ð� Å � .´ ¨� L ¥� ý�Ì ä w = xyiz ,i Â û ý�¥� � � � î ¢¤�¢´¨� L �Ìä ��÷ w0 = xy0z = xz Õþ¤�� Ýó Õ±Ï .z = ak−sbkø x = as−r ø y = ar Ýþ¤�¢ ,1 ≤ r ≤ s ≤ k.´¨� ÍÜè ö��¥ ßþ� ö¢�� ÝÑ�õ Â� ü�±õ ��óø�Âê ø ´Æ�÷ ¤�Ï ßþ� �f½®�ø �î ´¨� L�Ìä w0 = ak−rbk ü�ãþ
�ûö� �� ¯��Âõ ý�û ´¡�¨ ø ñø� �±�Âõ ý�ûö��¥ 2.1

ñø� �±�Âõ ý�ûö��¥ 1.2.1Âõ�Âð ) ü¬�¡ Àä��ì �î ´¨� ö��¥ ö� ñø� �±�Âõ ý�û¢�Þ÷ ¥� üû��µõ �ó�±÷¢ ,ñø� �±�Âõ ö��¥ ×þ ¤¢ �¤�±ä Âû�� Å³¨ ø Ýþ¥�¢Â� üõ ñø� �±�Âõ ö��¥ ×þ ý�û¢�Þ÷ ¼þÂÈ� �� �Àµ�� �õ �¹�þ� ¤¢ .Àª�� ùÀª ´þ�ä¤ �ú÷� ¤¢ ( ö��¥.Ý�û¢ üõ ¼�®�� �¤ �ú÷� ´þ�ä¤ üÚ÷�Ú� ø ö��¥ Àä��ì üó�Þ�� ¤�Ïý�û¢�Þ÷ -2 ø üÖÎ�õ ý�û¢�Þ÷ -1 ý�µ¨¢ ø¢ �� �û¢�Þ÷ ßþ� üÜî ¤�Ï �� : ñø� �±�Âõ ö��¥ ×þ ý�û¢�Þ÷.À÷�ª üõ Ý�ÆÖ� ýÂµõ�¤��üÎ�¤ ý�û¢�Þ÷ ,�û �µ÷�Â� : ¥� À��¤�±ä ø À�îÂµÈõ ñø� �±�Âõ ý�ú÷��¥ �Þû ¤¢ üÖÎ�õ ý�û¢�Þ÷ : üÖÎ�õ ý�û¢�Þ÷8



��¹÷�Â¨ ø À÷Â�ð üõ ÂÑ÷ ¤¢ ÂþÁ� ©¤�Þª �¤ �ú÷� ¢�Àã� �f �Þãõ �î ö��¥ ý�ûÂ��çµõ ,(→,↔,¬,∧,∨) ý� �ÜÞ��ú÷� �� üóø ´¨� üã®�õ ø¢ üó�Þ½õ ¢�Þ÷ ×þ âì�ø ¤¢ ¢�Þ÷ ßþ� ��Âð� .´¨� ý¤��µ¡� ö� ¢��ø �î ýø�Æ� ¢�Þ÷¢�Þ÷ ßþ� �Þ�Â� ¤¢ â®ø ßþ� ) ýÂµõ�¤�� ¢�Þ÷ ×þ �÷ ø Àþ� üõ ��Æ� �� üÖÎ�õ ¢�Þ÷ ×þ �î�Â� ´¨� �ø�Ôµõ(.¢�� Àû��¡ Â��bõ ü¨¤�ê ��:ýÂµõ�¤�� ý�û¢�Þ÷ý�û¢�Þ÷ ,( ý� �Î��¤ ý�û¢�Þ÷ ) üó�Þ½õ ý�û¢�Þ÷ , ( ∃ ý¢��ø ¤�¨ ø ∀ üõ�Þä ¤�¨) ý¤�¨ ý�û¢�Þ÷ Ûõ�ª.À�µÆû ´���� ý�û¢�Þ÷ ø üã���.À�µÆ�÷ Ç�� ü��Þúõ âì�ø ¤¢ ø ´Æ÷�¢ ü¨¤�ê ü�ãõ �� ý�ÜÞ� º�û ý �Þ�Â� ö���üÞ÷ �¤ �ú�¤�±ä ¥� üÌã�.((∃ → x À�÷�õü�ãþ ý¢�úª ¤�Ï ��) .À÷¤�¢ üµ¨¤¢ ý¤�µ¨¢ ´¡�¨ �î À�ª�� üþ�ú�¤�±ä ´¡�¨ ©�¡ ý�úó�õÂê Ý�û��¡ üõ�� üÔþÂã� �ú�¤�±ä ßþ� ý�Â� Àþ�� ßþ�Â���� (.¢¤ø� ´¨¢ �� üã�±Ï ö��¥ ¤¢ °¨��õ ý� �Þ�Â� �û ö� ý�Â� ö��µ�.À÷�ª éÁ� ý¤�µ¨¢ Â�è ý�ú�¤�±ä �î Ý�û¢ ´¨¢�Â� ×þ ,Â�çµõ ¢�Þ÷ �þ ´��� ¢�Þ÷Âû .Ý��î üõ áøÂª (�ú÷� Â��Þ® �þ ¶½� ¢¤�õ �b�ª� ��÷) �úõÂ� ÓþÂã� ¥� �Àµ����÷ F(t1, t2, ..., tn) ,ÂÑ÷ ¢¤�õ ö��¥ ¤¢ tn�� t1 ý�úõÂ� ø F üã®�õ n üã��� ¢�Þ÷ Âû ý�¥� �� ùø�ã� .´¨�ßþ� .Àû¢üõ ���¤� ö��¥ ßþ� ý�úõÂ� ý �ä�Þ¹õ ý�Â� ü��ÂÖµ¨� ÓþÂã� ×þ ,ÓþÂã� ßþ� .´¨� ö��¥ ßþ� ¥� üõÂ�ÀþÀ� ý �ä�Þ¹õ ,ñø� ��¤¢ ö��¥ ×þ ý�úõÂ� �ä�Þ¹õ : �î ¢�Þ÷ ö��� ß��� ö��� üõ �ÜÞ� ×þ ¤¢ �¤ ÓþÂã�.´¨� ö��¥ ßþ� üã��� ý�û¢�Þ÷ ý �Ü�¨�� ö��¥ ö� ý�û Â�çµõ ø ´���� ¢�Þ÷ ¥� ùÀõ�ßþ� ý�ûÂµõ�¤�� -2 .´Æû ýø�Æ� Ûõ�ª ö��¥ ßþ� -1 : ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ Âþ¥ ý�û¢�Þ÷ �� ü÷��¥ : 1.2.1 ñ�·õ´��� ¢�Þ÷ ×þ -3 ,+ üã®�õ ø¢ üã��� ¢�Þ÷ ×þ -2 ,S üã®�õ ×þ üã��� ¢�Þ÷ ×þ -1 : ¥� À��¤�±ä ö��¥.≤ üã®�õ ø¢ üó�Þ½õ ¢�Þ÷ ×þ -4 ø 0Ǒ�� S((x) + +0 üóø ,À� µÆû ö� �¥ ßþ� ý�úõÂ � Ǒ�� �Þû S(S(x)) ,S(x) + S(0) , S(x) ,x ý�û�¤� ±ä
{0}�¹�þ� ¤¢ �î ) ´���� ý�û¢�Þ÷ �ä�Þ¹õ ¥� ü��ÂÖµ¨� �¤�¬ �� �Â÷� ö��� üÞ÷ ö�� ,´Æ�÷ ö��¥ ßþ� ý�úõÂ�
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ùø�ã� .¢¤ø� ´¨À� ( À�µÆû {S,+}�¹�þ� ¤¢ �î ) üã��� ý�û¢�Þ÷ ¥� ù¢�Ôµ¨� �� Â�çµõ ý�û¢�Þ÷ ø (Àª�� üõø üã��� ¢�Þ÷ �÷ �î ùÀª ù¢�Ôµ¨� = ¢�Þ÷ ¥� ñ�õÂê ßþ� ¤¢ �î�Â� ,´Æ�÷ ö��¥ ßþ� ¥� �Â� ×þ ��÷ S(S(0)) = S(x).´¨� Â��çµõ �þ ´��� ¢�Þ÷ �÷: (Î�Æ� ý�úó�õÂê ) üÞ�� ý�úó�õÂêñ�õÂê ×þ R(t1, t2, ..., tn) ,L ñø� �±�Âõ ö��¥ ×þ ¥� tn�� t1 ý�úõÂ� ø R üã®�õ n üó�Þ½õ ¢�Þ÷ Âû ý�¥� ��üóø ´¨� Í�Æ� ñ�õÂê ×þ x = S(y) �þ ´¨� Í�Æ� ñ�õÂê ×þ x ≤ y , 1.2.1 ñ�·õ ¤¢ �·õ .´¨� üÞ��×þ �÷ �î ùÀª ù¢�Ôµ¨�→ üÖÎ�õ ´õ�ä ¥� ö� ¤¢ ö�� ´Æ�÷ Í�Æ� ñ�õÂê ×þ (x ≤ S(0)) → (x = S(0)).üó�Þ½õ ¢�Þ÷ ×þ �÷ ø ´¨� �Â�:´¡�¨ ©�¡ ý�úó�õÂêü��ÂÖµ¨� ÓþÂã� Û±ì À�÷�õ .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ L Û·õ ñø� ��¤¢ ö��¥ ×þ üÞ�� ý�úó�õÂê �Þû Ûõ�ª ,B �ä�Þ¹õ.Ý�û¢ üõ ���¤� ñø� ��¤¢ ö��¥ ×þ ¥� ´¡�¨ ©�¡ ñ�õÂê ý�Â�©�¡ ý�úó�õÂê �ä�Þ¹õ �¤ üõ�Þä ø ý¢��ø ý�û¤�¨ ø üÖÎ�õ ý�û¢�Þ÷ Í¨�� B ¥� ùÀõ� ÀþÀ� �ä�Þ¹õù�Ú÷� ,À�ª�� L ñø� ��¤¢ ö��¥ ¥� üÞ�� ñ�õÂê ø¢ α ø β Âð� �î ´¨� ü�ãõ ßþÀ� ßþ� .Ý�õ� ÷ üõ L ´¡�¨.À�µÆû L ö��¥ ´¡�¨ ©�¡ ý�úó�õÂê üÚÞû α→ β , α↔ β , α ∧ β , α ∨ β , ¬α , ∃xα , ∀xαñ�õÂê ×þ α : x = S(y) �î�Â� ´¨� ´¡�¨ ©�¡ ñ�õÂê ×þ ∃x x = S(y) 1.2.1 ñ�·õ ¤¢ ñ�·õ ¤�Ï ��ñ�õÂê ×þ ��÷ (x ≤ S(0)) → (x = S(0))�þ .´¨� ´¡�¨ ©�¡ ñ�õÂê ×þ ÓþÂã� Õ±Ï ∃xαÅ� ´¨� üÞ��.´¨� ´¡�¨ ©�¡:�ÜÞ��� .À�ª�±÷ ¤�¨ öøÀ� ö� ¤¢ �µê¤ ¤�Ø� ý�ûÂ�çµõ ¥� ×þ º�û Âð� Ý�õ�÷ üõ �ÜÞ�×þ �¤ ´¡�¨ ©�¡ ñ�õÂê ×þ�Âª ö��¥ ¤¢ �·õ .¢�ª üõ �µÔð ¢�¥� Â�çµõ À�ª�±÷ ý¤�¨ �� À�Öõ ´¡�¨ ©�¡ ñ�õÂê ×þ ¤¢ �î üþ�ûÂ�çµõ.´¨� ¢�¥� Â�çµõ y ø À�Öõ Â�çµõ x ,∃x x ≥ S(y) ñ�õÂê ¤¢ 1.2.1 ñ�·õ ¤¢ ùÀª ù¢�¢
10



( �úóÀõ ) �û ´¡�¨ 2.2.1×þ ý�Â� ´¡�¨ ×þ .À�µÆû ( ü¨¤�ê �f ·õ ) üã�±Ï ö��¥ ×þ �� ý¤�¬ ö��¥ ö�ðÀ��î �Þ�Â� âì�ø ¤¢ �úµ¡�¨-2 .À��î üõ ù¤�ª� Ǒ��ª� ¥� �µ¨¢ �� �� ý¢��ø ø üõ�Þä ¤�¨ ý�û¢�Þ÷ -1 :�î À�î üõ ��Üãõ ñø� �±�Âõ ö��¥
U ´¡�¨ ×þ ý¤�¬ ¤�Ï �� .À�µÆû �� ÂÚ÷��� üã��� ø üó�Þ½õ ,´��� ý�û¢�Þ÷ ü�ãþ ö��¥ ÂÚþ¢ ý�ûÂµõ�¤��: �Øþ¤�Î� ´¨� ö��¥ ý�ûÂµõ�¤�� �ä�Þ¹õ ö� ý ��õ�¢ �î ´¨� üã��� ñø� �±�Âõ ö��¥ ×þ ý�Â�.Àû¢ üõ ´±Æ÷ �¤ ¢�ª üõ ùÀ�õ�÷ ß¿¨ Ýó�ä �î �¤ |U| üú� Â�è ý�ä�Þ¹õ ×þ ∃, ∀ ý¤�¨ ý�û¢�Þ÷ �� U -1�ä�Þ¹õ RU ü�ãþ .Àû¢ üõ ´±Æ÷ �¤ RU ⊆ |U|n À�÷�õ üþ�� n �Î��¤ R üã®�õ n üó�Þ½õ ¢�Þ÷ Âû �� U -2.´¨� ß¿¨ Ýó�ä ¥� üþ�ú�þ�� n ¥� ý�.Àû¢ üõ ´±Æ÷ �¤ |U| ü�ãþ ß¿¨ Ýó�ä ¥� cU ö�� �Ìä ×þ c ´��� ¢�Þ÷ Âû �� U -3ü�ã þ ,Àû¢ üõ ´±Æ ÷ |U| ýø¤ �¤ fU Û·õ üþ� � n ÛÞä ×þ f À� ÷� õ üã®�õ n üã �� � ¢�Þ ÷ Âû � � U -4. fU : |U|n → |U|

fU ý��õ�¢ ü�ãþ .´¨� fU â��� ö¢�� üÜî ø ( |U| ) ß¿¨ Ýó�ä ö¢�� üú� Â�è �õ ü¨�¨� ý�ú®Âê �î À��î ����.Àª�� |U|n ý�Þû Àþ��Âþ¥ �¤�¬ �� ö��¥ ßþ� ý�Â� NA ´¡�¨ ×þ .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ 1.2.1 ñ�·õ ¤¢ �øÂÈõ ö��¥ : 2.2.11 ñ�·õ: ´¨�.´¨� N �þ üã�±Ï ¢�Àä� �ä�Þ¹õ ñ�·õ ßþ� ¤¢ ß¿¨ Ýó�ä : |NA| -1.´¨� üã�±Ï ¢�Àä� âÞ� ö�Þû ,+ ýùÂ�çµõ ø¢ üã��� ¢�Þ÷ ø ¢¤�¢ ù¤�ª� üó�� â��� �� S üã��� ¢�Þ÷ -2.´¨� N ¤¢ üó�Þãõ °��Â� �Î��¤ ö�Þû ,≤ üã®�õ ø¢ üó�Þ½õ ¢�Þ÷ -3.´¨� üã�±Ï ¢�Àä� ÂÔ¬ ö�Þû 0 ¢�Þ÷ -4ýø¤ ¥� �î �Â� ,Ý��î üõ üêÂãõ ¢¤�¢ ù¤�ª� ö�À� ´¡�¨ ö� �î ü÷��¥ üêÂãõ öøÀ� �¤ ´¡�¨ ×þ �f �Þãõ �õÝ�Æþ�÷ üõ �·õ .¢Â� ü� ö� �� ¯��Âõ ö��¥ �� ö��� üõ ,À�î üõ üêÂãõ ´¡�¨ ×þ �î üµ���� ø Í��ø ¤ ,â�����fÊ¿Èõ ´¡�¨ ßþ� ö� �¥ .´¨��� ¤¢ ùÀª ù¢�¢ ¼�®�� ´¡�¨ ö�Þû ö�õ¤�Ñ�õ ø NA = (N,≤,+, S,0)11



.´¨� 0´��� ø + üã®�õ ø¢ ø S üã®�õ ×þ üã��� ý�û¢�Þ÷ ø ≤ üã®�õ ø¢ üó�Þ½õ ¢�Þ÷ ×þ ¥� ÛØÈµõ¤¢ L ö��¥ ¤¢ ü��Þ� �� �î Ý��îÉ¿Èõ Ý�÷��� üõ ñø� �±�Âõ ö��¥ ×þ ý�Â� ´¡�¨×þ ¥� ù¢�Ôµ¨� �� ñ��ø .´¨� ´¨¤¢ NA ´¡�¨ ¤¢ ∀x∃y x ≤ y �ÜÞ� �f ·õ .À�µÆû ÍÜè ü��Þ� �� ø ´¨� ´¨¤¢ ´¡�¨ ßþ�
x �î�Â� ,´¨� ÍÜè NA ´¡�¨ ¤¢ ∀x S(0) ≤ x �þ .|=NA

(∀x∃y x ≤ y) : Ý�Æþ�÷ üõ ß��� �¤ °ÜÎõ ßþ�. 2NA
(∀x S(0) ≤ x) :Ý�Æþ�÷ üõ �÷�ð ßþ� �¤ ö� ø ´¨� ö�ËÖ÷ ñ�·õ ÂÔ¬ ýø�Æõö� �¥ ×þ ¤¢ ´¡�¨ ©�¡ �ÜÞ� ×þ ϕ ø ´¡�¨ ©�¡ ��Þ� ¥� �ä�Þ¹õ ×þ Γ À� � î Âê :ÓþÂ ã �Âû ý�¥� � � Âð� ÍÖê ø Âð� Γ |= ϕ Ý�Æþ� ÷ üõ ø ´¨� ϕ ��Ü µÆõ �f ÖÎ�õ Γ �¤�¬ ßþ� ¤¢ .Àª� � ñø� �± �Âõ�f ·õ .À�î ëÀ¬ ´¡�¨ ö� ¤¢ ��÷ ϕ ù�Ú÷� Àª�� ë¢�¬ ö� ¤¢ Γ ý�Ìä� �î ÂÑ÷ ¢¤�õ ö��¥ ý�Â� U ´¡�¨ñ�õÂê üóø Γ |= σ �¤�¬ ßþ� ¤¢ σ : ∃x S(0) < x ø Γ = {(∀x∃y x < y), (∀x x < S(x) )} À��î ÂêÛ±ì Û·õ �¤ �ûÂµõ�¤�� ��Ö� ø ÝþÂ�Ú� ÂÑ÷ ¤¢ Z �¤ ß¿¨ Ýó�ä Âð� �î�Â� ,´Æ�÷ Γ üÖÎ�õ �¹�µ÷ β : ∃x S(x) = 0ö� ¤¢ Γ ,ÝþÂ�Ú� ÂÑ÷ ¤¢ N �¤ ß¿¨ Ýó�ä Âð� üóø ,´¨� ´¨¤¢ ö� ¤¢ ��÷ β ø ´¨� ´¨¤¢ ö� ¤¢ Γ ,Ý��î Â�±ã�.´Æ�÷ β ��ÜµÆõ �fÖÎ�õ Γ ü�ãþ ,Γ 2 β Å� .´Æ�÷ ´¨¤¢ ö� ¤¢ β üóø ´¨� ´¨¤¢

´¡�¨ ×þ¤¢ �Î��¤ ×þ ýÂþÁ� ÓþÂã�� � ϕ ö�� üó�õÂ ê Âð� ÍÖê ø Âð� ´¨� Â þÁ � ÓþÂã � L ñø� ��¤¢ ö� �¥ ¥� U ´¡�¨ ¤¢ R üã®�õ K �Î��¤.(a1, a2, ..., ak) ∈ R ⇔|=U ϕ(a1, a2, ..., ak) ,Ý�ª� � �µª�¢ �î Àª� � ¢���õ ö��� L ö� �¥ ¤¢ ¢�¥� Â�ç µõ k´¡�¨ ¤¢ Ý��î üû¢¤�ÀÖõ R ý �Î��¤ ý�Ìä� ¥� ×þ Âû �� �¤ ©¢�¥� ý�ûÂ�çµõ �î üõ�¢�õ ϕ ñ�õÂê ü�ãþ) .´¨� Ó þÂ ã � Û �� ì ≤ üã®� õ ø¢ ü ó� Þ½ õ � Î ��¤ , (N,+) ´¡� ¨ ¤¢ ñ� · õ ¤� Ï � � .À ª� � ´¨¤¢ UÓþÂã� Û��ì {0} : x+ x = x ñ�õÂê Í¨�� ÂÔ¬ ´��� ´¡�¨ ßþ� ¤¢ ß��»Þû ((x ≤ y) ⇔ (∃m y = x+m).´¨�
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ÂÚþ¢ üµ¡�¨ ¤¢ ´¡�¨ ×þ ýÂþÁ�Â�±ã�: Âð� ÍÖê ø Âð� ,À�þ�ð ÂþÁ�Â�±ã� L′ ñø� �±�Âõ ö��¥ �� β ´¡�¨ ¤¢ �¤ L ñø� �±�Âõ ö��¥ �� U ´¡�¨.Ý�õ�÷ üõ |U|β �¤ �ä�Þ¹õ ßþ� .Àª�� ÂþÁ� ÓþÂã� L′ ö��¥ ¤¢ üó�õÂê Í¨�� ø β ´¡�¨ ¤¢ |U| ý�ä�Þ¹õ -1.Àª�� ÂþÁ� ÓþÂã� |U|β ýø¤ L′ ö��¥ ¤¢ üó�õÂê Í¨�� ø β ¤¢ ( U ¤¢ �f±ì�ãµõø ) L ¤¢ üó�Þ½õ ¢�Þ÷ Âû -2¤¢ ø Àª�� ÂþÁ� ÓþÂã� |U|β ýø¤ L′ ö��¥ ¤¢ üó�õÂê Í¨�� ø β ¤¢ ( U ¤¢ �f±ì�ãµõø ) L ¤¢ üã��� ¢�Þ÷ Âû -3.Àª�� ��÷ â��� ßÞ®.Àª�� ÂþÁ� ÓþÂã� |U|β ýø¤ L′ ö��¥ ¤¢ üó�õÂê Í¨�� ø β ¤¢ ( U ¤¢ �f±ì�ãµõø ) L ¤¢ ´��� ¢�Þ÷ Âû -4.´¨� Â�±ã� Û��ì (N,+) ¤¢ (Z,+) : 1.2.3 ñ�·õÂð� �î Ý��î üõ ÓþÂã� (a, b) ∈ N2 °�Âõ �ø¥ �¤�¬ �� N ¤¢ �¤ z ∈ Z ¢Àä Âû : N ¤¢ Z ÓþÂã� -1 :��±���¤ a ø ,b ¤¢ �Â÷� ÕÜÎõ¤Àì Àª�� üÔ�õ Âð� ø Ý�û¢ üõ ¤�Âì ÂÔ¬ ýø�Æõ �¤ b ø ,a ¤¢ �¤ ö� ÕÜÎõ¤Àì Àª�� ´±·õ z:¢�ª üõ ÓþÂã� N ¤¢ Âþ¥ �¤�¬ �� Z Å� .Ý�û¢ üõ ¤�Âì ÂÔ¬ ýø�Æõ0 : x+ x = x

Z = {(a, b) ∈ N2| a+ a = a ∨ b+ b = b }:´¨� Â�±ã� Û��ì Âþ¥ ÛØª �� N ¤¢ Z ¤¢ âÞ� ÛÞä -2
x ≤ y : ∃m y = x+m .Ý��î üõ ÓþÂã� N ¤¢ �¤ ≤ üã®�õ ø¢ �Î��¤ ý¥�¨ ù¢�¨ ý�Â� �Àµ��: Z ¤¢ +

(a1, b1) + (a2, b2) = (a3, b3) ⇔
(a1 = 0 ∧ a2 = 0) ⇒ (b3 = b1 + b2 ∧ a3 = 0)

(b1 = 0 ∧ b2 = 0) ⇒ (a3 = a1 + a2 ∧ b3 = 0)

(b1 = 0 ∧ a2 = 0 ∧ a1 ≥ b2) ⇒ (b3 = 0 ∧ a1 = b2 + a3)
(b1 = 0 ∧ a2 = 0 ∧ a1 ≤ b2) ⇒ (a3 = 0 ∧ b2 = a1 + b3)
(a1 = 0 ∧ b2 = 0 ∧ b1 ≥ a2) ⇒ (a3 = 0 ∧ b1 = a2 + b3)13



(a1 = 0 ∧ b2 = 0 ∧ b1 ≤ a2) ⇒ (b3 = 0 ∧ a2 = b1 + a3)
�þÂÑ÷.Àª�� �µÆ� üÖÎ�õ ���Üµ¨� ´½� Âð� ÍÖê ø Âð� ´¨� �þÂÑ÷ ×þ ñø���¤¢ ö��¥ ×þ ¥� T Û·õ ��Þ� �ä�Þ¹õ:ü®�þ¤ ö��¥ �� .Àª�� T �Ìä σ ù�Ú÷� ,Àª�� T üÖÎ�õ �¹�µ÷ ×þ σ Âð� ö��¥ ¥� σ À�÷�õ �ÜÞ� Âû ý�¥� �� ü�ãþ�fÊ¿Èõ .CnΣ = {σ|Σ |= σ} ü�ãþ ,À�û¢üõ ö�È÷ CnΣ �� �¤ Σ üÖÎ�õ ¸þ�µ÷ �ä�Þ¹õ .T |= σ ⇒ σ ∈ T´¨¤¢ CnΣ �î üóÀõ Âû ¤¢ Å� (CnΣ |= α) .Àª�� CnΣ ¥� üÖÎ�õ �¹�µ÷ α Âð� ö�� ,´¨� �þÂÑ÷ ×þ CnΣ�î üóÀõ Âû ¤¢ �fµ¹�µ÷ Å� .´¨� ´¨¤¢ ��÷ Σ ,Àª�� ´¨¤¢ CnΣ �î üóÀõ Âû ¤¢ �õ� .´¨� ´¨¤¢ ��÷ α ,Àª��.´¨� �þÂÑ÷ ×þ CnΣ Å� ,α ∈ CnΣ ü�ãþ ßþ� ø Σ |= αÅ� .¢�� Àû��¡ ´¨¤¢ ��÷ α ,Àª�� ´¨¤¢ Σ´¡�¨ ×þ �þÂÑ÷Çþ�Þ÷ ThU � � �Â ÷� ø À� þ�ðüõ U ´¡�¨ �þÂÑ÷ ,L ñø���¤¢ ö� �¥ ¤¢ U ´¡�¨ ¤¢ ´¨¤¢ ��Þ� ��Þ� � �

α Û·õ üóø� ��¤¢ �ÜÞ� Âð� �î �Â� ´¨� � þÂÑ ÷ ×þ ThU ,U ´¡�¨ Âû ý�Â � �î ´¨� ¼®�ø .À�û¢üõø ´¨� ´¨¤¢ �� ÷ α ,Àª� � ´¨¤¢ ThU �î üóÀõ Âû ¤¢ Å� (ThU |= α ü�ãþ) Àª� � ThU üÖÎ�õ �¹�µ ÷×þ �þÂÑ÷ ùø�ã� . α ∈ ThU Å� ,´¨� ´¨¤¢ ö� ¤¢ �� ÷ αÅ� .´¨� ´¨¤¢ U ¤¢ ThU «�Ê¿ó�üÜäË�Ö÷ �þø ©¢�¡ �þ ,´¡�¨ ßþ� ö��¥ ¤¢ ñø���¤¢ ý �ÜÞ� Âû ý�¥��� �î ü�ãõ ßþÀ� .´¨� ��� ,U Û·õ ´¡�¨.´¨� ThU �� ÕÜãµõ ö�ýÂþÁ� Ý�ÞÊ��� �� Àª�� �µª�¢ ¢��ø üû��µõ Ýµþ¤�Úó� Âð� ´¨� ÂþÁ�Ý�ÞÊ� L Û·õ ü÷��¥ ¤¢ ñø� ��¤¢ ��Þ� ¥� Σ �ä�Þ¹õ.σ /∈ Σ �þ σ ∈ Σ �î ´êÂð Ý�ÞÊ� ö��µ� L ö��¥ ¤¢ σ �ÜÞ� Âû ý�¥�14



ýÂþÁ� Û¬��î Àª�� �µª�¢ ¢��ø Σ À�÷�õ ��Þ� ¥� ÂþÁ� Ý�ÞÊ� �ä�Þ¹õ ×þ Âð� �ú�� ø Âð� ´¨� ÂþÁ� Û¬� T �þÂÑ÷.T = CnΣüû��µõ ýÂþÁ� Û¬��î Àª�� �µª�¢ ¢��ø Σ0 À�÷�õ ��Þ� ¥� üû��µõ �ä�Þ¹õ×þ Âð� �ú�� ø Âð� ´¨� üû��µõ ÂþÁ� Û¬� T �þÂÑ÷.T = CnΣ0:Ýþ¤�¢ U Û·õ ´¡�¨ ×þ ý�Â� ùÄþø ��
Σ0 Û·õ L ö��¥ ¤¢ ��Þ� ¥� üû��µõ �ä�Þ¹õ Âð� �ú�� ø Âð� ´¨� üû��µõ ÂþÁ� Û¬� L ö��¥ ¤¢ U ´¡�¨ �þÂÑ÷.CnΣ0 = ThU Ý�ª�� �µª�¢ �Øþ¤�Î� Àª�� ¢���õ.(ÂþÁ� Û¬� �f�û��µõ �÷ ø) .´¨� ÂþÁ� Û¬� (N,0, S) ´¡�¨ : 4.2.1 ñ�·õ: ¥� ´¨� �¤�±ä Àû¢ üõ Û�ØÈ� �¤ ´¡�¨ ßþ� ñ�¬� �î Σ üû��µõ�÷ �ä�Þ¹õ

∄x 0 = S(x) -1
∀y∀x((S(x) = S(y)) → (y = x)) -2

∀y∃x((y 6= 0) → (y = S(x))) -3
∀x S(x) 6= x -1.4(∀x SS(x) 6= x -2.4

∀x SSS(x) 6= x -3.4.........�f ·õ ø .À�µÆû ü¬�¡ ¤�µ¡�¨ ý�¤�¢ 4 Û¬� ��Þ� ö�� ,´¨� ÂþÁ� Ý�ÞÊ� üóø ´Æ�÷ üû��µõ �ä�Þ¹õ ßþ�15



.´¨� ∀x Sn(x) 6= x �¤�¬ �� n.4 �ÜÞ� �î Ý�÷�¢ üõ:À�µÆû Âþ¥ �¤�¬ �� ñ�¬� ßþ� ø ´¨� üû��µõ ÂþÁ� Û¬� (N,0, S,<) ´¡�¨ �þÂÑ÷ ,ÂÚþ¢ üó�·õ
∀y∃x((y 6= 0) → (y = S(x))) -1

∄x (x < 0) -2
∀y∀x(x = y ∨ x < y ∨ x > y) -3

∀y∀x∀z((x < y ∧ y < z) → x < z) -4
∀y∀x(x < y → y ≮ x ∧ x 6= y) -5

∀y∀x((x < S(y)) ↔ (y = x ∨ x < y)) -6: 1.2.1 ��Ìì�ú�� ü�ãþ ) ,Àª�� + üã®�õ ø¢ üã��� ¢�Þ÷ ö� Âµõ�¤�� �ú�� �î üóø� ��¤¢ ö��¥ ¤¢ (G,+) üÜ�� ��� öøÀ� ùøÂðñø� ��¤¢ ö��¥ ¤¢ �ÜÞ� üû��µõ ¢�Àã� º�û �� âì�ø ¤¢ ) .´Æ�÷ üû��µõ ÂþÁ� Û¬� ( Àª�� ùøÂð ÛÞä ö� Âµõ�¤��( .¢Âî ��µ�µ¨� �fÖÎ�õ �¤ ö¢�� ��� öøÀ� ö��� üÞ÷ ¤�îÁõ:��±��ßþ� ¤¢ �î üµ��� �ú�� ø .´¨� x + y = z �¤�¬ �� ö��¥ ßþ� ¤¢ ßØÞõ Í�Æ� ñ�õÂê �ú�� �î ´¨� É¿Èõßþ� ¤¢ Ý�û��¿� Âð� .¢�ª üõ ÓþÂã� x + x = x ñ�õÂê �� �î .´¨� ùøÂð ßþ� ÂÔ¬ ´¨� ÓþÂã� Û��ì ö��¥
G ö¢�� ùøÂð �f ø� �î Ý�û¢ ���¤� ö��¥ ßþ� ¤¢ ü��Þ� �ä�Þ¹õ Àþ�� Ý��î ýÀ�� Û¬� �¤ ´¡�¨ ßþ� �þÂÑ÷ ö��¥ñ�¬� ö�Þû �î ) �ÜÞ� üû��µõ ¢�Àã� �� ñø� ´ÞÆì .À�þ�Þ÷ ß�ÞÌ� �Â÷� ö¢�� ��� öøÀ� �f�÷�� ø À÷¥�¨ ù¢¤ø�Â��¤´�ãì�ø ßþ� �� ý�½÷ �� Àþ�� �ø¢ ´ÞÆì ö¢Âî ÕÖ½õ ý�Â� �õ� .¢�ª üõ ÕÖ½õ ( Àª�� üÜ�� ý�úûøÂð �ä�®�õÛÞä üû��µõ ¢�Àã� �� �î ´Æ�÷ G ¥� ýÂÔ¬ Â�è �Ìä º�û ü�ãþ ¢¤�À÷ ¢��ø G ¥� ü��� �Ìä º�û �î Ý��î ù¤�ª�: �¤�¬ �� Àþ�� ��Þ� ßþ� ÂÚþ¢ �¤�±ä �� .¢�ª ÂÔ¬ Â��Â� ( ©¢�¡ �� âÞ� ) ¢�¡ ýø¤

t1 : ∀x (x 6= 0 → x+ x 6= x)

t2 : ∀x (x 6= 0 → x+ x+ x 6= x)

16



...
tk : ∀x (x 6= 0 → x+ x+ ...

︸ ︷︷ ︸

k−times

6= xÂû Å� .tn < tm ↔ n < m : Ý��îüõ ÓþÂã� �¤�¬ ßþÀ� ti ��Þ� ýø¤ �¤ < °��Â� ý�Î��¤ .À�ª���µª�À÷ ¢��ø ý�Ìä ß��� Ý��îÂê) .´¨� �Ìä ßþÂµð¤�� ý�¤�¢ ti ��Þ� ¥� üú� Â�è üû��µõ �ä�Þ¹õßþÂµð¤�� ti ÓÜ¡Âê Õ±Ï ö�� ø ´¨� ti ö�� ý�Ìä ý�¤�¢ Å� ´¨� üú� Â�è �ä�Þ¹õ ßþ� ö�� ,Àª��Õ±Ï ��÷ tj üóø .ti < tj �î ¢¤�¢ ¢��ø �ä�Þ¹õ ßþ� ¥� tj ö�� ýÂÚþ¢ �Ìä Å� ´Æ�÷ �ä�Þ¹õ ßþ� �ÌäÀ÷ø¤ ß�Þû �õ�¢� �� ,... �î ¢¤�¢ ¢��ø �ä�Þ¹õ ßþ� �Ìä ý� tk Å� ´Æ�÷ �ä�Þ¹õ ßþ� �Ìä ßþÂµð¤��Âêö� ö¢�� üû��µõÂê Óó�¿õ �î ¢�ª üõ Û�ØÈ� �ä�Þ¹õ ßþ� ý�Ìä� ¥� ti < tj < tk < ... üû��µõ�÷ ùÂ�¹÷¥ßþ� �Ìä ßþÂµð¤�� Ý��îÂê (.´¨� �Ìä ßþÂµð¤�� ý�¤�¢ �ä�Þ¹õ ßþ� ø ´¨� ÍÜè ÓÜ¡Âê Å� .´¨�¥� x Û·õ ýÂÊ�ä ö� ¤¢ �î ��Þ� ¥� üû��µõ �ä�Þ¹õ ßþ� ý�Â� üóÀõ Zk+1 ßµêÂð ÂÑ÷ ¤¢ �� Àª�� tk �ä�Þ¹õ(.À�î üõ ù¢¤ø�Â� �¤ ñø� ¯Âª ) ´¨� üÜ�� ùøÂð �f ø� �î Ýþ¤�¢ ,´¨� k + 1 ý�Ê¿Èõü��� öøÀ� üÜ�� ùøÂð Âû Å� ( À�î üÞ÷ ù¢¤ø�Â� �¤ �þ�÷�� Íþ�Âª ü�ãþ ) .´¨� ¤�¢ ��� ý�Ìä ý�¤�¢ �f�÷�� ø.´Æ�÷ üû��µõ ÂþÁ� Û¬�üµÈð¥�� �Î��¤¢��ø Σ0 Û·õ ñø� ��¤¢ ��Þ� ¥� üû��µõ �ä�Þ¹õ Âð� ´¨� üµÈð¥�� üã�±Ï ¢�Àä� ýø¤ R üã®�õ k �Î��¤: Ý�ª�� �µª�¢ (a1, ..., ak) Û·õ üã�±Ï ¢�Àä�¥� °�Âõ üþ��k Âû ý�¥� �� �î Àª�� �µª�¢ß þ� ö�� µ � Â ð� ÍÖ ê ø Â ð� ´¨� R �Ìä (a1, ..., ak) ü� ã þ .(a1, ..., ak) ∈ R ⇔ Σ0 |= (a1, ..., ak) ∈ R

R ý�Î��¤ �î ´¨� üäÀõ ÓþÂã� ßþ� ý¢�úª ¤�Ï �� .¢�Þ÷ ��µ�µ¨� �fÖÎ�õ Σ0 ��Þ� �ä�Þ¹õ ¥� �¤ ´þ�ÌäÝ��î ���¤� R ¤¢ °�Âõ üþ��k Âû ´þ�Ìä ¢¤�õ ¤¢ ýÂ�ð Ý�ÞÊ� ý�Â� üû��µõ ý¤�µ¨¢ ö��µ� Âð� ,´¨� üµÈð¥��éøÂãõ �Â� �� �� ´�ãì�ø ßþ�) .´¨� ö¢�� ÂþÁ� Ý�ÞÊ� ��úÔõ Õ�ì¢ ø ¼�½¬ ñ¢�ãõ ö¢�� üµÈð¥�� âì�ø ¤¢ ø.( ´¨�17



ýÂþÁ� �±¨�½õ��úÔõ �� ý��� ö¢�� ÂþÁ� �±¨�½õ ��úÔõ Å� .Àª�� üµÈð¥�� ,�Î��¤ ×þ ö���ä �� Âð� ´¨� ÂþÁ� �±¨�½õ f â���.¢ø ¤ üõ ¤�î �� â���� ý�Â� �î ´Æ�÷ ö¢�� üµÈð¥��üµÈð¥�� �¤�¬ ��ÂÚþ¢ �¤�±ä �� �þ ýÀ�� Û¬� Âþ¥ �¤�¬ �� (N,0, S,+) ´¡�¨ ¤¢ + â��� :5.2.1 ñ�·õ: ¢�ª üõ �±¨�½õ
A1 : ∀x 0+ x = x

A2 : ∀x∀y S(y) + x = S(x+ y)â��� �î Ý��î ´��� Àþ�� ÓþÂã� Õ±Ï ,´¨� ÂþÁ� �±¨�½õ ��� ��Þ� �� âÞ� â��� �Â� �î °ÜÎõ ßþ� í¤¢ ý�Â�¢�Àä� ¥� (a, b, c) üþ�� �¨ Âû ý�¥� �� ü�ãþ .´¨� üµÈð¥�� üã®�õ �¨ �Î��¤ ×þ ö���ä �� âÞ� üã®�õ ø¢üõ ñ�·õ ¤�Ï �� .Â�¡ �þ ´¨� ´¨¤¢ c = a+ b �þ� �î ´êÂð Ý�ÞÊ� ö��� üõ ��� ��Þ� ¥�ù¢�Ôµ¨� �� üã�±Ï.À÷�ª üõ ýÂ�ð Ý�ÞÊ� âÞ� �Î��¤ �Ìä A1, A2 ��Þ� Í¨�� (2,1,3) °�Âõ üþ�� �¨ �î ¢�¢ ö�È÷ ö����î ý¤�ÀÖõ ö¢�¢¤�Âì �� �î 1+ 1 = S(0) + 1 = S(0+ 1) Ýþ¤�¢ A2 Õ±Ï ø 0+ 1 = S(0) Ýþ¤�¢ A1 Õ±ÏÝþ¤�¢ À÷ø ¤ ßþ� �õ�¢� �� 1 + 1 = S(S)(0) = S2(0) :Ýþ¤�¢ �ø¢ �Î��¤ ¤¢ ùÀª �±¨�½õ 1 + 0 ý�Â� �Àµ�� ¤¢âÞ� �Î��¤ �Ìä (2,1,3) Å� S3(0) = 3 �õ� 2 + 1 = S(1) + 1 = S(1+ 1) = S(S2)(0) = S3(0) :.´¨�:´¨� ß��ã� Û��ì Âþ¥ üµÈð¥�� �¤�¬ �� M1,M2 ��Þ� �� (N,0, S,+,×) ´¡�¨ ¤¢ × �Â® â��� �þ
M1 : ∀x 0× x = 0
M2 : ∀x∀y S(y) × x = y × x+ xø f(0) = Sa(0): Ý�ª�� �µª�¢ Âð� ´¨� ÂþÁ� ß��ã� üµÈð¥�� �¤�¬ �� �f ¢�ãõ �þ ÂþÁ� �±¨�½õ f â��� üÜî ¤�Ï ��.´¨� üµÈð¥�� üã��� R ö� ¤¢ �î ∀y f(S(y)) = R(f(y))18



�÷��µÈð¥�� ÂþÁ� ©¤�Þªü� ã þ À ª� � R Û · õ ü µÈ ð¥� � � Î ��¤ × þ � � õ�¢ Â ð� Í Ö ê ø Â ð� ´¨� � ÷� � µ È ð¥� � Â þÁ � ©¤� Þ ª Q �Î ��¤.a ∈ Q ↔ ∃b(a, b) ∈ Rü��Æ� °��Âõ �ÜÆÜ¨ýø¤ Í��ø ¤ ¥� Âþ¥ ý�û ù¢¤ �¤�¬ ßþ� ¤¢ ÀþÂ�Ú� ÂÑ÷ ¤¢ üã�±Ï ¢�Àä� ýø¤ üµÈð¥�� �Î��¤ ×þ �¤ R �Î��¤:À�ÔþÂã� Û��ì üã�±Ï ¢�Àä�.´¨� üµÈð¥�� Í��ø ¤ ��Þ� ù¢¤ ∆01 âì�ø ¤¢ ∆01 : {−→a |Γ0 |= R(−→a )}.À�ª�� üµÈð¥�� ý �Î��¤ ×þ ý ��õ�¢ �î ´¨� üÎ��ø ¤ ��Þ� ù¢¤ Σ01 âì�ø ¤¢ Σ01 : {−→a |∃b(−→a , b) ∈ R}

Π01 : {−→a |∄b(−→a , b) ∈ R} = {−→a |∀b(−→a , b) /∈ R} = {−→a |∀b(−→a , b) ∈ R′}üÎ��ø ¤ ��Þ� ù¢¤ Π01 âì�ø ¤¢ .´¨� R′ ö�� üµÈð¥�� �Î��¤ ×þ ��÷ ö� ÝÞµõ Àª�� üµÈð¥�� �Î��¤ ×þ R Âð�.À�ª�� üµÈð¥�� ý �Î��¤ ×þ ��õ�¢ Ýµõ �î ´¨�
Σ02 : {−→a |∃b2∀b1(−→a , b1, b2) ∈ R}...

Σ0
k : {−→a |∃bk∀bk−1∃bk−2...(−→a , bk, bk−1, ..., b1) ∈ R}

Π0
k : {−→a |∀bk∃bk−1∀bk−2...(−→a , bk, bk−1, ..., b1) ∈ R}:Ý þ¤�¢ i < k Âû ý�Â � � � ÷ø Σ0

k

⋃
Π0

k = ∆0
k+1ø Σ0

k

⋂
Π0

k = ∆0
k : Ý þ¤�¢ k ≥ 1Âû ý�¥� � � ùÂ �¹ ÷¥ ß þ� ¤¢.∆0

i ⊆ Π0
i ⊆ Σ0

k ø ∆0
i ⊆ Σ0

i ⊆ Π0
k
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�ø¢ ÛÊê
ýÂþÁ� Çþ�Þ÷-FA

ýÂþÁ� Çþ�Þ÷-FA 1.2¢��ø Σ Û·õ üþ�±Ôó� �f ø� Âð� ÍÖê ø Âð� ´¨� ÂþÁ� Çþ�Þ÷-FA üû��µõ ý�û¢�Þ÷ �� ö��¥ ×þ ¥� ´¡�¨ ×þÇþ�Þ÷ Û��ì D Û·õ ÝÑ�õ ö��¥ ×þ ¤¢ Σ ýø¤ üû��µõ ý�û �ó�±÷¢ Í¨�� ´¡�¨ ßþ� Â¬��ä �î Àª�� �µª�¢ÂþÁ� Ý�ÞÊ� ´¡�¨ ßþ� ý�Ìä� ¥� °�Âõ üþ��À��×þ Âû ý�Â� üÞ�� ñ�õÂê Âû üµ¨¤¢ �f�÷�� ø ( D ⊆ Σ∗ )À�ª��ßþ� ý�Â� ñø� �±�Âõ ö��¥ �Ü�¨ø �� �î üÞ�� ý�û �Î��¤ üµ¨¤¢ À÷��µ� üû��µõ ü÷���õ��� ü�ãþ ,Àª�� Àõ�¤�îö¢�õ¥� ý�Â� .Àþ�õ¥��� (u1, ..., uk) Û·õ ´¡�¨ ßþ� Â¬��ä ¥� üþ��À�� ý�Â� �¤ À÷�ùÀª ù¢�¢ �û¢�Þ÷ �ä�Þ¹õÀ÷�ª üõ �µª�÷ ÂÚþÀØþ Âþ¥ ,´¨� ý¢ø¤ø ¥� ý� �Ôó�b õ ¢�¡ �î �ûui ¥� ×þ Âû ùÀ�û¢ ö�È÷ ��ÞÜî ,üÞ�� Í��ø ¤:´¨� ùÀõ� Âþ¥ ¤¢ �»÷� À�÷�õ .¢�ª üõ ù¢�Ôµ¨� ´¨� Σ ∪ {♦} ¥� ý� �ä�Þ¹õ Âþ¥ �î Ý��ä �µÈ� ¥� ø
a c
b b
c ♦
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ñ�ÏÝû Ýû �� �¤ �û �µª¤ ßþ� ¥� üû��µõ �ä�Þ¹õ Âû ,üÈþ�Þ÷ �µª¤ Âû ý�úµ÷� �� ♦ �÷�È÷ ö¢Âî �ê�®� �� ö��� üõ.¢ÂîÝ Ñ�õ ö ��¥ ¤¢ Çþ�Þ÷ À�� ý�¤�¢ ÂþÁ� Çþ�Þ÷-FA ́ ¡�¨ ×þ ý�Ìä� Âð� �î ,´¨� ü¨�¨� °ÜÎõ ßþ� �� �����Ìä ×þ ý�Â� üÈþ�Þ÷ ,�ø�Ôµõ ý�µª¤ ø¢ �þ� �î ¢Â�Ú� Ý�ÞÊ� À÷���üõ üû��µõ ü÷���õ��� ù�Ú÷� ,À�ª�� D.¢�ªüõ ýÂ�ðÝ�ÞÊ� ö���õ��� ßþ� Í¨�� ö¢�� �Ìä ×þ Çþ�Þ÷ ,ý¥¤�Ýû ý�Î��¤ ü�ãþ ?Â�¡ �þ ´Æû?´¨� ÂþÁ� Çþ�Þ÷-FA ,(N,+) �Â� :1.2 ñ�·õüõ éÁ� �¤ ´¨�¤ ´Þ¨ ý�ûÂÔ¬ ü�ãþ ) .Ý�Æþ�÷ üõ ¢�¡ �Âê ßþÂ� ù���î �� ,üþø¢ ø¢ �¤�¬ �� �¤ ¢�Àä� �õ�ú÷���õ��� ¢�¢¤�Âì Õ±Ï ö�� .Ý�Æþ�÷ üõ ( ñ�Þãõ ´ó�� ÅØäÂ� ) ²� �� ´¨�¤ ¥� �¤ ö�õ¢�Àä� �î�Â� ,Ý��îßþ�Â���� .Ý��î üõ ù¢�Ôµ¨� ( ♦ ) üú� �µª¤ ¥� ,ÂÔ¬ ¢Àä ý�� �� ø (.À�÷��¡ üõ ´¨�¤ �� ²� ¥� �¤ ¢�¡ ý¢ø¤ø�Þû Ûõ�ª ö�Þ÷� �¥ ��õ�¢ .´¨� Σ = {0,1} Ý�û¢ üõ Çþ�Þ÷ ö� ýø¤ �¤ ö�õ ́ ¡�¨ ý�Ìä��î üþ� ±Ô ó�×þ .¢�ª üõ ù¢�¢ Çþ�Þ÷ üú� �µª¤ �� ÂÔ¬ ¢Àä ¢�¢¤�Âì Õ±Ï .À÷�ª üõ Ýµ¡ ×þ �� �î ´¨� Σ∗ ¥� üþ�û�µª¤ß�ãõ ø Àþ�õ¥��� ,¢ÂþÁ� üõ ��¹÷� üÜÖ÷ ´�� üó�Þãõ �þø ¤ ÕþÂÏ ¥� �î �¤ âÞ� üµ¨¤¢ À÷���üõ üû��µõ ö���õ���ùÀ÷ÂþÁ� ñ�·õ ý�Â� .À�î üõ ÛÞä ÂÔ¬ À�÷�õ ♦ .À�î üõ �À�� ñ�Öµ÷� ´¨�¤ ´Þ¨ �� üÜÖ÷ ´�� üþ�� �� À�îßþ� .À�î üõ Õ�Ö½� ý¢ø¤ø �µª¤ ×þ ö���ä �� �ó¢�ãõ ßþ� ©ÂþÁ� �� �¤ 22+ 5 = 27 �ó¢�ãõ ÝÖ¨ ø ´½¬(üþ�ú ÷ ©ÂþÁ� ´�ã®ø ) A ø ( ¢¤�¢ üÜÖ ÷ ´�� ) C ,( ¢¤�À ÷ üÜÖ ÷ ´�� ) N ´�ã®ø �¨ ý�¤�¢ ùÀ÷Â þÁ �.´¨� ùÀª ¼þÂÈ� üÜî ��õÀÖõ ÛÊê ¥� 2.1.1 ñ�·õ ¤¢ ö� ñ�Öµ÷� â��� �î ´¨� ��óø� ´�ã®ø N .À�ª��üõ1 0 1 ♦ ♦ ♦0 1 1 0 1 ♦1 1 0 1 1 ♦

ÂþÁ� Çþ�Þ÷-FA ý�úµ¡�¨ ��� ¤¢ üþ�þ�Ìì 1.1.2: 1.2 ��Ìì.´¨� ÂþÁ� Çþ�Þ÷-FA ,F üû��µõ ´¡�¨ Âû :Óó�21



.´¨� ÂþÁ�Çþ�Þ÷-FA , ÂþÁ� Çþ�Þ÷-FA ý�û ´¡�¨ ¥� üû��µõ �Â® Âû :�:��±��âì�ø ¤¢ ø ¢�ª üõ ù¢�¢ Çþ�Þ÷ Σ ¥� ¢�Þ÷ ×þ Í¨�� F �Ìä Âû Å� .ÝþÂ�Ú� ÂÑ÷¤¢ |F| �¤ Σ ´¨� üê�î :Óó�ø (´¨� üû��µõ F ö�� ) ´¨� üû��µõ D Å� .´¨� Σ ö�Þû Ý�û¢ üõ Çþ�Þ÷ ö� ¤¢ �¤ F ý�Ìä� �î D ö��¥×þ Í¨�� ö��� üõ ö� �Ìä Âû ý�¥� �� �¤ F ¤¢ üÞ�� �Î��¤ Âû Ý�û¢ ö�È÷ Àþ�� ñ�� .´¨� ÝÑ�õ D ßþ�Â����ö¢�õ¥� ý�Â� Å� .´¨� üû��µõ ��÷ F ´¡�¨ ¤¢ �Î��¤ Âû Å� ´¨� üû��µõ |F| ö�� .¢�õ¥� üû��µõ ö���õ���¢¤ ´ó�� �� �ú÷� ÝÞµõ ø üþ�ú÷ ©ÂþÁ� ´ó�� �� À�µÆû R ¤¢ �î ü��ÞÜî ��Þ� ´¨� üê�î F¤¢ R Û·õ ý� �Î��¤ÂþÁ� Çþ�Þ÷-FA ,F ÓþÂã� Õ±Ï ü�ãþ .´¨� ö���õ��� �� ö¢�õ¥� Û��ì F¤¢ üÞ�� ý �Î��¤ Âû ßþ�Â���� ,¢øÂ�. ´¨�Çþ�Þ÷-FA ��÷ F1 × F2 ù�Ú÷� À�ª�� ÂþÁ� Çþ�Þ÷-FA´¡�¨ ø¢ F2 ø F1 Âð� �î Ý��î üõ ´��� �Àµ�� :�� � ÷ Σ Å� ,À � µÆû Â þÁ � Çþ� Þ ÷-FA ´¡�¨ ø¢ ß þ� ö�� .Σ = |F1| × |F2| Ý �û¢ üõ ¤�Â ì .´¨� Â þÁ �
α ö� ¤¢ �î ´¨� (α(a1, ..., an), β(b1, ..., bm)) �¤�¬ �� F2 ø F1 ´¡�¨ üÞ�� Í��ø ¤ �ä�Þ¹õ .´¨� ÝÑ�õÇþ�Þ÷-FA �úµ¡�¨ ßþ� ýø¢ Âû ö�� .´¨� F2 ´¡�¨ ¥� üÞ�� ý� �Î��¤ β ø F1 ´¡�¨ ¥� üÞ�� ý��Î��¤.Àþ�õ¥��� �¤ β(

−→
b ) ø α(−→a ) üµ¨¤¢ �î ´Æû ü÷���õ��� −→b ∈ |F2| ø −→a ∈ |F1| Âû ý�¥� �� Å� À�µÆû ÂþÁ�

(α, β) üÞ�� ñ�õÂê Âû ý�¥� �� �î ´ª�¢ Ý�û��¡ ü÷���õ��� ,ö���õ��� ø¢ ßþ� ý�úµ�ã®ø ¥� ýÂ�ð á�Þµ�� ��üþ��À�� Âû ý�¥� �� F1 × F2 ¤¢ üÞ�� ñ�õÂê Âû üµ¨¤¢ Å� .Àþ�õ¥��� �¤ (α, β)(a1, ..., an, b1, ..., bm) üµ¨¤¢�� ßþ�Â���� ø .´¨� ÂþÁ� Çþ�Þ÷-FA F1 × F2 ü�ãþ .´¨� ýÂ�ð Ý�ÞÊ� Û��ì ö���õ��� ßþ� Í¨�� |F1| × |F2| ¥�ÂþÁ� Çþ�Þ÷-FA ,ÂþÁ� Çþ�Þ÷-FA ý�úµ¡�¨ ¥� üû��µõ ¢�Àã� Âû �ÂÌÜ¬�� �î ¢Âî ´��� ö��� üõ Ǒ�ÂÖµ¨�.´¨�:( ü��þ¥ ¤� É½Ô� ´�¬�¡ ) 2.2 ��Ìì.´¨� ÂþÁ� Ý�ÞÊ� ,ÂþÁ� Çþ�Þ÷-FA´¡�¨ ×þ ý �þÂÑ÷:��±��
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�ä�Þ¹õ ,´¨� ùÀª ö��� ��õÀÖõ ÛÊê ¤¢ �î ¤�Î÷�Þû .Àª�� ÂþÁ� Çþ�Þ÷-FA´¡�¨×þ F Ý��îÂêÅ� .´¨� üÖÎ�õ ý�û¢�Þ÷ Í¨�� üÞ�� ý�úó�õÂê ¥� ùÀõ� ÀþÀ� �ä�Þ¹õ F ö��¥ ¤¢ ´¡�¨ ©�¡ ý�úó�õÂêÇþ�Þ÷-FA´¡�¨ ×þ F ö�� .Ý�û¢ üõ ��¹÷� F �� ¯��Âõ ´¡�¨ ©�¡ ý�úó�õÂê ýø¤ Ǒ�ÂÖµ¨� �� �¤ ��±��.´¨� ÂþÁ� Ý�ÞÊ� |F| ý�Ìä� ¥� °�Âõ üþ��À�� Âû ý�¥� �� F ö��¥ �� ¯��Âõ üÞ�� ñ�õÂê Âû Å� ´¨� ÂþÁ�Àª�� ÂþÁ� Ý�ÞÊ� �ú÷� üµ¨¤¢ |F| ¥� °�Âõ üþ��À�� Âû ý�¥� �� �î À�ª�� üµ¡�¨ ´¨¤¢ ñ�õÂê β ø α Ý��î Âêüþ��À�� Âû ý�¥� �� ��÷ ∃xα(x) ø α → β ø ¬α ý�úó�õÂê üµ¨¤¢ �î Ý�û¢ ö�È÷ Àþ�� ñ�� .( Ǒ�ÂÖµ¨� Âê )ø Âð� ´¨� ´¨¤¢ ¬α ,(a1, ..., an) Û·õ °�Âõ üþ��À�� Âû ý�¥� �� .´¨� ÂþÁ� Ý�ÞÊ� |F| ý�Ìä� ¥� °�ÂõÍÖê ø Âð� ´¨� ´¨¤¢ α → β ,(a1, ..., an) Âû ý�¥� �� ��÷ .Àª�� ÍÜè F ´¡�¨ ¤¢ α(a1, ..., an) Âð� ÍÖê
DFA ø NFA ö¢�� ñ¢�ãõ ¥� ∃x α(x) ýÂþÁ� Ý�ÞÊ� ý�Â� �õ� .Àª�� ¤�ÂìÂ� |=F (¬α ∨ β)(a1, ..., an) Âð��� ø ÝþÂ� üõ ¤�Ø� ý� x0 ( üû��µõ ý�¹µÆ� ) §À� ý�Â� �¤ ý�üãÎì Â�è ö���õ��� ü�ãþ .Ý��î üõ ù¢�Ôµ¨�üµ¨¤¢ Ý�÷��� üõ üãÎì Â�è ö���õ��� ×þ �� Å� .Â�¡ �þ ´¨� ´¨¤¢ α(x0) �î Ý��î üõ Õ�Ö½� ö� ý�¥�´¡�¨ ©�¡ ñ�õÂê ö��� üõ ÂÚþ¢ ´¡�¨ ©�¡ ñ�õÂê Âû ý�Â� �î üþ�¹÷� ¥� .ÝþÂ�Ú� Ý�ÞÊ� �¤ ∃xα(x)��÷ �ú÷� üµ¨¤¢ ¢¤�õ ¤¢ ýÂþÁ� Ý�ÞÊ� Å� ¢�Þ÷ À�ó�� üÖÎ�õ ¢�Þ÷ �¨ ßþ� ¥� üû��µõ °�îÂ� ¥� ù¢�Ôµ¨� �� üó¢�ãõ�� ¯��Âõ ö��¥ ¤¢ �ÜÞ� Âû ý�¥� �� ö��� üõ ßþ�Â���� .¢¢Âð üõ ��±�� ¢�Þ÷ �¨ ßþ� üµ¨¤¢ ýÂþÁ� Ý�ÞÊ� ��.´¨� ÂþÁ� Ý�ÞÊ� ,´¡�¨ ßþ� ý �þÂÑ÷ ßþ�Â���� .ÍÜè �þ ´¨� ´¨¤¢ �ÜÞ� ßþ� �î ¢�Þ÷ É¿Èõ F ´¡�¨:ýÂþÁ� Ý�ÞÊ� ø Â���ã�×ó�£ âõ .´¨� ùÀª ù¢�¢ ¼�®�� ��õÀÖõ ÛÊê ¤¢ A Û·õ ÂÚþ¢ üµ¡�¨ ¤¢ B Û·õ üµ¡�¨ ýÂþÁ�Â�±ã�´¨� Â�±ã� Û��ì A ´¡�¨¤¢ B ´¡�¨ ü±þÂÖ� Çþ�ð ×þ ¤¢ .Ý��î üõ Ý�û�Ôõ ö� �� üó�Þ�� ý� ù¤�ª� �¹�þ�¤¢�Øþ¤�Î� ,¢�¢ Çþ�Þ÷ A ¤¢ EB Û·õ ÓþÂã� Û��ì �Î��¤ ×þ °�Âõ üþ��À�� �Ü�¨�� ö��µ� �¤ |B| ý�Ìä� Âð�Âþ¥ ö���ä �� B ýø¤ üÞ�� Í��ø ¤ ÂÚþ¢ ��÷ ø ¢¢Âð EB ýø¤ ýø�Æ� �Î��¤ ×þ �� ÛþÀ±� B ¤¢ ýø�Æ� �Î��¤.À�ª�� ÂþÁ� ÓþÂã� A ¤¢ EB ¥� üþ�û �ä�Þ¹õÇþ�Þ÷-FA ��÷ B ´¡�¨ ù�Ú÷� ,Àª�� A ÂþÁ� Çþ�Þ÷-FA´¡�¨ ¤¢ Â�±ã� Û��ì B ´¡�¨ Âð� : 3.2 ��Ìì
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.´¨� ÂþÁ�: ��±��� î ¢¤�¢ ¢� �ø A ´¡� ¨ ö� �¥ ¤¢ ϕB Û · õ ü óø� � �¤¢ ñ� õÂ ê Å � ,´ ¨� Â þÁ � Â � ± ã � A ¤¢ B ö� �� � (.À � î ü õ Ó þÂ ã � A ´¡� ¨ ¤¢ �¤ EB ý �Î ��¤ ,ϕB ü � ã þ) .À û¢ ü õ Ç þ� Þ ÷ A ¤¢ �¤ |B| ý�Ìä�Ý �ª� � � µ ª�¢ Â ð� ÍÖ ê ø Â ð� ´¨� A ¤¢ |B| ¥� b Û· õ ý�Ìä Çþ�Þ ÷ (b1, ..., bm) üþ� �À �� ÂÚ þ¢ �¤� ± ä
|A| ý�Ìä� ¥� ý� üþ��m ý�Ü�¨�� ö��� üõ �¤ |B| ý�Ìä� ¥� ×þ Âû ü�ãþ .b ∈ |B| ⇔|=A ϕB(b1, ..., bm)É½Ô� ��Ìì Õ±Ï ´¨� ÂþÁ� Çþ�Þ÷-FA ,A ´¡�¨ ö�� .¢�¢ Çþ�Þ÷ ,À�µÆû ��÷ EB �Î��¤ ¥� üþ�Ìä� �î
A ´¡�¨ ¤¢ ýø�Æ� �Î��¤ �� ÛþÀ±� B ¤¢ ýø�Æ� ý �Î��¤ �Áó ø .´¨� ÂþÁ� Ý�ÞÊ� A ´¡�¨ ¤¢ ϕB ü��þ¥ ¤�´¡�¨ ßþ� ý�Ìä� ¥� °�Âõ ý�û üþ��m Í¨�� A ´¡�¨ ¤¢ |B| ý�Ìä� ö�� .¢¢Âð üõ EB ý�ä�Þ¹õ ýø¤´¡�¨ ¤¢ ϕB ñ�õÂê Í¨�� ÂþÁ� Ý�ÞÊ� ýø�Æ� �Î��¤ ×þ �� ,B ´¡�¨ ¤¢ ýø�Æ� ý �Î��¤ ��÷ø À÷ÂþÁ� Çþ�Þ÷Âû ö�� ùø�ä �� .À�µÆû |B| ý�Ìä� ý�Â� Çþ�Þ÷-FA×þ EB �Ìä ý�û üþ��m ßþ� Å� ,¢¢Âð üõ ñÀ� Aø ¢�ª üõ Â�±ã� A ¤¢ ,¢�¥� Â�çµõ k ×m �� ψR ö�� üó�õÂê Í¨�� B ´¡�¨ ¤¢ R Û·õ üã®�õ k üÞ�� �Î��¤¥� üþ��k ×m Âû ý�¥��� ü��þ¥ ¤� É½Ô� ��Ìì Õ±Ï Å� ,´¨� ÂþÁ� Çþ�Þ÷-FAÂê Õ±Ï A ´¡�¨ ��÷�Î��¤ ö�� ,Àª ù¢�¢ ¼�®�� Û±ì é�Âð�¤�� ¤¢ �î ¤�Î÷�Þû ùø�ä �� .´¨� ÂþÁ� Ý�ÞÊ� A ¤¢ ψR ,A ý�Ìä�´¨¤¢ ψR �î ¢Âî É¿Èõ ö��� üõ EB ü�Ìä� ¥� üþ��k Âû ý�Â� Å� ,´¨� ÂþÁ� Ý�ÞÊ� A ´¡�¨ ¤¢ EB×þ Âû ö�� .´¨� ÂþÁ� Ý�ÞÊ� A ´¡�¨ ¤¢ R Û·õ üÞ�� �Î��¤ Âû Â�±ã� �¬�¡ ¤�Ï �� ü�ãþ .Â�¡ �þ ´¨�
B ¤¢ üÞ�� ý�Î��¤ Âû ��÷ ø ´¨� A ý�Ìä� ¥� °�Âõ ý�û üþ��m ¥� Çþ�Þ÷-FA×þ ý�¤�¢ B ý�Ìä� ¥�.´¨� ÂþÁ� Çþ�Þ÷-FA ,B ´¡�¨ �î ´êÂð �¹�µ÷ ö��� üõ ¢¤�¢ A ´¡�¨ ¤¢ ÂþÁ� Ý�ÞÊ� üó¢�ãõ�î Ý�û¢ üõ ö�È÷ .ÀþÂ�Ú� ÂÑ÷ ¤¢ (R,+, .) Û·õ üµ¡�¨ �¤�¬ �� �¤ üÖ�Ö� ¢�Àä� ý�ä�Þ¹õ:2.2 ñ�·õ

(GLn(R),+,×)

× ø + ¥� ¤�Ñ�õ ø ´¨� ÂÔ¬Â�è �ú÷� ö���õÂ�¢ �î ´¨� ý�n× n ý�úÆþÂ��õ ��Þ� á�Þ¹õ GLn(R) ö� ¤¢ �î).´¨� ÂþÁ� Â�±ã� (R,+, .) ´¡�¨ ¤¢ (´¨�úÆþÂ��õ �Â® ø âÞ� ´¡�¨ ßþ� ¤¢
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: (R,+, .) ´¡�¨ ¤¢ GLn(R) ÓþÂã� �Àµ��ý�Â� R �Â® ø âÞ� °Æ�Â� ý¤�µ¨¢ ��÷ ø ¢Âî É¿Èõ °�Âõ üþ�� n2 �� ö��� üõ �¤ n × nÅþÂ��õ Âû´¨� ö��� Û��ì R ´¡�¨ ö��¥ ¤¢ det(U) 6= 0 �ÜÞ� ö�� .¢�Þ÷ â®ø n× nÅþÂ��õ ø¢ �Â® ø âÞ� �±¨�½õ.´¨� ÂþÁ� ÓþÂã� R ´¡�¨ ¤¢ n ∈ N Âû ý�¥� �� GLn(R) �ä�Þ¹õ Å��Â® ø âÞ� ÛÞä �� ��÷ �ú÷� �Â® ø ´¨� °�Âõ üþ��n2 ø¢ �þ�¤¢ �� �þ�¤¢ âÞ� âì�ø ¤¢ n× nÅþÂ��õ ø¢ âÞ�:¢�ª üõ ÓþÂã� ß��� R

(u11, u12, ..., u1n, ..., un1, ..., unn) = (a11, ..., a1n, ..., an1, ..., ann) × (bnn, ..., b1n, ..., bn1, ..., bnn)

⇔ ∀ i, j (1 ≤ i, j ≤ n) uij = ai1.b1j + ai2.b2j + ...+ ain.bnj

(GLn(R),+,×) Àþ¢Âð Âî£ ��õÀÖõ ÛÊê ¤¢ ÂÚþ¢ ´¡�¨ ¤¢ ´¡�¨ ×þ Â� ±ã � ¢¤�õ ¤¢ �»÷� Õ±Ï Å�.´¨� ÂþÁ�Â�±ã� (R,+, .)¤¢
Ó�ã® ýÂþÁ� Çþ�Þ÷-FA 2.2�� ´¡�¨ ßþ� üã®�õ−K üÞ�� �Î��¤ Âû ��÷ ø ýø�Æ� �Î��¤ Âð� Ý���ð ÂþÁ� Çþ�Þ÷-FA �fÔ�ã® �¤ U ´¡�¨ý�¥� �� �î Àª�� ¢���õ üû��µõ ü÷���õ��� ü�ãþ .À�ª�� Àõ�¤�î ÂþÁ� Ý�ÞÊ� ´¡�¨ ßþ� Â¬��ä ¥� üþ��k Âû ý�¥�¤¢ R(u1, u2, ..., un) �î À�îÉ¿Èõ U ý�Ìä� ¥� °�Âõ üþ��k Âû �� U ¥� R Û·õ üã®�õ k üÞ�� �Î��¤ Âû�Ø�þ� ¯Âª ÍÖê Ó�ã® ýÂþÁ� Çþ�Þ÷-FA ,ýÂþÁ� Çþ�Þ÷-FA �� �Æþ�Öõ ¤¢ .Â�¡ �þ ´¨� ´¨¤¢ U ´¡�¨Âð� ÂÚþ¢ �¤�±ä�� .¢¤�¢ Ýî �¤ À�ª�� ÂþÁ� Çþ�Þ÷ Σ ö�� üû��µõ ý�±Ôó� ýø¤ L ö�� üÞÑ�õ ö��¥ ¤¢ U ý�Ìä��¥� U ´¡�¨ Ó �ã® ýÂþÁ� Çþ�Þ÷-FA ��±�� ý�Â� ,À�ª�� ÓÜµ¿õ Çþ�Þ÷ À�� ý�¤�¢ U ´¡�¨ ý�Ìä�.Ý�û¢ ���¤� ÓÜµ¿õ Çþ�Þ÷ ø¢ ýø�Æ� ¢¤�õ ¤¢ Ý�ÞÊ� ý�Â� Àõ�¤�î üªø¤ ´Æ�÷
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F ö�� üµ¡�¨ ý�Â� Fω ÓþÂã� 1.2.2:¢�ª üõ ÓþÂã� ß��� F ýø¤ ¥� Fω ´¡�¨ .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ F ´¡�¨ý�û �ó�±÷¢ �¤�¬ �� �¤ Fω ý�Ìä� ö��� üõ ü�ãþ |Fω| = {g : N → |F|| g is almost constant. } (Óó�´��� �f±þÂÖ� üóø üû��µõ�÷ üã��� �fä�÷ �î) g ∈ fω �Ìä Âû �î °��Â� ßþÀ� .´êÂð ÂÑ÷ ¤¢ F ý�Ìä� ¥� üû��µõ
g Àã� �� üþ�� ¥� �î À�îüõ ��¹þ� ¢�¡ ý���÷ �� ßþ� ø À÷�þ�Þµõ ö� ý�Ìä� ¥� üû��µõ ¢�Àã� ÍÖê ü�ãþ ,´¨�¥� Âµð¤�� üã�±Ï ¢ÀäÂû ý�¥� ��ø gn−1 6= gn �î ý¤�Î� ,Ý�û¢ Çþ�Þ÷ (g1, g2, ..., gn) �¤�Ê� �¤ (Àª�� ´���.Àª�� gnÂ��Â� â��� ×þ ö���ä �� g¤�ÀÖõ n´¡�¨ ¤¢ fF â��� ýø¤ ¥� Fω ´¡�¨ ¤¢ fF

ω â��� , F ´¡�¨ ö��¥ ¤¢ , f üã®�õ ×þ üã��� ¢�Þ÷ Âû ý�¥� �� (�:¢�ª üõ ÓþÂã� ß��� F:Ýþ¤�¢ ( u = (a1, ..., an) ) ,´¨� F ý�Ìä� ¥� üû��µõ �ó�±÷¢ âì�ø ¤¢ �î |Fω| ¥� u �Ìä Âû ý�¥� ��
fF

ω

(u) = fF
ω

(a1, ..., an) = (fF(a1), fF(a2), ..., fF(an)) ∈ |Fω|.ý�û �ó�±÷¢ �î Fω ¥� uk �� u1 Â¬��ä Àþ�� F ´¡�¨ ö��¥ ¤¢ fk üã®�õ k ¢�Þ÷ ý�Â� ÓþÂã� ßþ� â�¨�� ý�Â�ñ�Ï uk �� u1 üû��µõ ý�û �ó�±÷¢ ýø¤ ¥� ¤�î ßþ� ý�Â� .Ý��î ñ�Ï Ýû Ýû�� �¤ À�µÆû F ý�Ìä� ¥� üû��µõÝ��î Âê ø ÝþÂ�Ú� ÂÑ÷ ¤¢ ui ý�ó�±÷¢ ñ�Ï �¤ |ui| ¢�Þ÷ Âð� ü�ãþ ,Ý��î üõ É¿Èõ �¤ ( ñ�Þ�Æî�õ ) ß�È��Âû ñ�Ï ,�ûui ö¢Âî ñ�Ï Ýû ý�Â� .1 ≤ i ≤ k �î i Âû ý�Â� |ui| ≤ m Ýþ¤�¢ ´¨� m ,uk �� u1 ß�È�� ñ�Ïý�û �ó�±÷¢ �¤�¬ ßþ� ¤¢ .Ý�÷�¨¤ üõ m �� ,ö� �Ìä ßþÂ¡� ¤�ÂØ� �� �¤ ´¨� ÂµØ��î m ¥� ©� ù¥�À÷� �î ý�uj:Ýþ¤�¢ F ´¡�¨ ö��¥ ¤¢ fk üã®�õ k ¢�Þ÷ ý�Â� ñ�� .Àª Àû��¡ m Â��Â��ú÷� ñ�Ï ø ñ�Ï Ýû uk �� u1
fF

ω

k (u1, ..., uk) = fF
ω

((a11, ..., a1m), (a21, ..., a2m), ..., (ak1, ..., akm))

= (fFk (a11, ..., ak1), fFk (a12, ..., ak2), ..., fFk (a1m, ..., akm)).ý�Î��¤ ýø¤ ¥� Fω ´¡�¨ ¤¢ RF
ω

k ý�Î��¤ , F ´¡�¨ ö��¥ ¤¢ Rk ,üã®�õk üó�Þ½õ ¢�Þ÷ Âû ý�¥� �� (�:¢�ª üõ ÓþÂã� ß��� F ´¡�¨ ¤¢ RF
k26



RF
ω

k (u1, ..., uk) = RF
ω

k ((a11, ..., a1m), (a21, ..., a2m), ..., (ak1, ..., akm))

= RF
k (a11, ..., ak1) ∧ RF

k (a12, ..., ak2) ∧ ... ∧ RF
k (a1m, ..., akm).

Fω ý�úµ¡�¨ ��� ¤¢ üþ�þ�Ìì.´¨� ÂþÁ� Çþ�Þ÷-FA ,Fω ,F üû��µõ ´¡�¨ Âû ý�Â� : 4.2 ��Ììö��� üõ �¤ Fω ý�Ìä� �î Ý�û¢ ö�È÷ �f ø� Àþ�� ��Ìì ßþ� ��±�� ý�Â� ÂþÁ� Çþ�Þ÷-FAý�úµ¡�¨ ÓþÂã� Õ±ÏÍ��ø ¤ ÂÚþ¢ ø ýø�Æ� �Î��¤ Ý�û¢ ö�È÷ �f �÷�� ø ¢�¢ Çþ�Þ÷ Σ ö�� üû��µõ üþ�±Ôó� ýø¤ ÝÑ�õ ü÷��¥ �Ü�¨ø ��.À÷ÂþÁ� Ý�ÞÊ� Àõ�¤�î ¤�Ï �� Fω ´¡�¨ üÞ��ßþ� .´¨� ÂþÁ� Çþ�Þ÷-FA ,Óó� 1.2 ��Ìì Õ±Ï Å� ´¨� üû��µõ F ´¡�¨ ö�� :�f ø� ´ÞÆì ��±�� (Óó�
Σ0 Û·õ üû��µõ üþ�±Ôó� ýø¤ L0 Û·õ ÝÑ�õ ü÷��¥ ¤¢ ö��� üõ �¤ F ´¡�¨ ý�Ìä� ¥� ×þ Âû �î ´¨��ãõ ö�À�üþ�¹µÆ� �� À÷��� üõ üû��µõ ö���õ��� ×þ .À�µÆû F ý�Ìä� ¥� üû��µõ ý�û �ó�±÷¢ ,Fω ý�Ìä� .¢�¢ Çþ�Þ÷ý�Â� σ : (∀n ∃a ∈ F S.T g(n) = a) ∧ (|g| = m⇒ g(m) 6= g(m−1) �ÜÞ� �î ¢Â�Ú� Ý�ÞÊ� üû��µõø¢ Âû �î À��î ���� .�÷ �þ ´¨� g ∈ Fω �î À�îÉ¿Èõ À÷��� üõ ü�ãþ .Â�¡ �þ ´¨� ´¨¤¢ g ö�� ý��ó�±÷¢ñ�Ï �¤ |g|Âð� Å� ,´¨� üû��µõ ý��ó�±÷¢ g �î �Â� ,´¨� À�Öõ �f½®�ø �î üóø� ¤�¨ .À�µÆû À�Öõ �ÜÞ� ßþ� ¤�¨( ý¢��ø ¤�¨ ) �ø¢ ¤�¨ ¢¤�õ ¤¢ .´¨� n ≤ |g| Âû ý �Â� ´Ö�Ö� ¤¢ nÂû ý �Â�¤�¨ ,ÝþÂ�Ú� ÂÑ÷ ¤¢ g ý �ó�±÷¢´¨� ´�Þû� ���� ÂÑ÷ ßþ� ¥� �µØ÷ ßþ� �� ���� .´¨� À�Öõ ö� ýø¤ ¤�¨ Å� ´¨� üû��µõ |F| �ä�Þ¹õ ö�� Ýû�î�Â� ,À÷�ª ýÂ�ð Ý�ÞÊ� üû��µõ ö���õ��� ×þ Í¨�� À�÷��� üõ À�µÆû À�Öõ ¤�¨ �� �î ü��Þ� �ú�� �î�¤ Σ1 ö��� üõ ,Àª�� ♦ ö�� ý¢�Þ÷ Àì�ê Σ0 �Ø�þ� Âê �� .´¨� üû��µõ ö���õ��� ×þ ý�û´�ã®ø ý�ä�Þ¹õÇþ�Þ÷ ra1♦ra2♦...♦ran

�¤�¬ �� ö���üõ �¤ (a1, a2, ..., an) ö�� ý��ó�±÷¢ Å� .¢�¢ ¤�Âì Σ0 ∪ {♦} Â��Â�ÝÑ�õ L0 ö�� .´¨� Σ0 üû��µõ ý�±Ôó� ýø¤ L0 ÝÑ�õ ö��¥ ¤¢ F ´¡�¨ ¥� ai �Ìä Çþ�Þ÷ rai
ö� ¤¢ �î ¢�¢Å� .Â�¡ �þ ´Æû F ¥� ai ö�� ý�Ìä Çþ�Þ÷ rai

�î ¢Â�Ú� Ý�ÞÊ� À÷��� üõ M ö�� ü÷���õ��� Å� ´¨�27



.Â�¡ �þ ´Æû Fω ´¡�¨ ¥� ý�Ìä ra1♦ra2♦...♦ran
À�î É¿Èõ À÷��� üõ ( Â��ç� üÞî �� ) ö���õ��� ß�Þûý�úµ¡�¨ ÓþÂã � Õ±Ï .´¨� Â þÁ � Çþ�Þ� �FAÅ� ´¨� üû�� µõ F ´¡�¨ ö�� :�f � ÷� � ´ÞÆì ��± �� (�°�Âõ üþ��k ø RF üã®�õ k üÞ�� ý�Î��¤ Âû ý�¥� �� �î ´¨� ¢���õ ö��� M ö�� ü÷���õ��� ÂþÁ� Çþ�Þ��FA¤¢ �î �»÷� Õ��Îõ .Â�¡ �þ ´¨� ´¨¤¢ F ¤¢ RF(a1, ..., ak) �î ¢Â�Ú� Ý�ÞÊ� (a1, ..., ak) Û·õ F ý�Ìä� ¥�ñ¢�ãõ (u1, ..., uk) Û·õ ´¡�¨ ßþ� ý�Ìä� ¥� üþ��k Âû ý�Â� RF

ω

k üÞ�� �Î��¤ ,Àª �µÔð Fω ´¡�¨ ÓþÂã��ÜÞ�
RF

ω

k (u1, ..., uk) = RF
k (a11, ..., ak1) ∧ RF

k (a12, ..., ak2) ∧ ... ∧ RF
k (a1m, ..., akm)

F ´¡�¨ ¤¢ � ÜÞ� ßþ� � î ¢Â �Ú � Ý �ÞÊ� À ÷�� � üõ M ö� �� õ� �� ,ü �� þ¥ ¤� É½Ô � ´�¬�¡ Õ±Ï .´¨�Û·õ Fω ý�Ìä� ¥� üþ��k Âû ý�¥� �� RF
ω

k �î ¢Â�Ú� Ý�ÞÊ� À÷��� üõ ö���õ��� ßþ� Å� .Â�¡ �þ ´¨� ´¨¤¢.´¨� Àõ�¤�î ÂþÁ� Ý�ÞÊ� Fω ´¡�¨ ¤¢ RF
ω

k üÞ�� �Î��¤ Âû ü�ãþ .Â�¡ �þ ´¨� ´¨¤¢ (u1, ..., uk)

(u1, ..., um) ö�� üû��µõ �ó�±÷¢ ø¢ ý�Â� �î�Â� .´¨� ÂþÁ� Ý�ÞÊ� ´¡�¨ ßþ� ¤¢ ��÷ ýø�Æ� üã®�õ ø¢ �Î��¤
Σ1 ý�±Ôó� ýø¤ uiøwi üÈþ�Þ÷ ý�û �ó�±÷¢ °��Â� �� rui

ø rwi
�Ø�þ� Âê��, m ≥ n ö� ¤¢ �î (w1, ..., wn) ø: Ýþ¤�¢ ,À�ª��

−→
U =

−→
W ⇔ ru1 = rw1 ∧ ru2 = rw2 ∧ ... ∧ run

= rwn
∧ run

= rwn+1 ∧ ... ∧ run
= rwm¢�¢ ¤�Âì F ¤¢ ë�ê ñø� ��¤¢ ý�ÜÞ� Â�Ñ÷ ý��ÜÞ� �� ñ¢�ãõ ö���üõ �¤ Fω ý�Ìä� ß�� ýø�Æ� ý�Î��¤ Âû ö��À÷��µ�õM ö���õ��� Å� ´¨� ÂþÁ� Ý�ÞÊ� ü��þ¥ ¤� É½Ô� ´�¬�¡ Õ±Ï F ¤¢ ñø� ��¤¢ ý�ÜÞ� Âû ö�� ��÷ø.¢Â�Ú� Ý�ÞÊ� ��÷ �¤ Fω ¤¢ ýø�Æ� ý �Î��¤

σ : g ∈ |Fω| ⇔ [ ( ∀n ∃a ∈ F g(n) = a ) ∧ ( |g| = m⇒ g(m) 6= g(m−1) ) ] ÓþÂã� Õ±Ï�î À��î ����ö���õ��� Í¨�� üµìø ÍÖê |F| ý�Ìä� ý ø¤ ý¢��ø ¤�¨ �î Ýþ¢Âî ù¤�ª� �f ±ì .À�î üõÉ¿Èõ �¤ Fω ý�Ìä�.Àª�� |F| ý�Ìä� ¤¢ üû��µõ ý�¹µÆ� ¥� ý¢�Þ÷ ¤�¨ ßþ� ü�ãþ .Àª�� À�Öõ �î ´¨�É�¿È� Û��ì (üãÎì Â�è):¢Âî üÆþ�÷¥�� Âþ¥ �¤�¬ �� ö��� üõ �¤ σ �ÜÞ� ,Àª�� üû��µõ F ´¡�¨ À��îÂê ,°ÜÎõ ßþ� öÀª ßªø¤ ý�Â�28



σ : g ∈ |Fω| ⇔ (∀n g(n) = a1) ∨ (∀n g(n) = a2) ∨ ... ∨ (∀n g(n) = am)Í¨�� F üû��µõ�÷ ´¡�¨ ×þ ý�Â� Fω ¥� ýÂÊ�ä Ç þ�Þ÷ø¢ ý¥¤�Ýû üÜî ¤�Ï �� Å� .|F| = {a1, .., am} �î�ÜÞ� ¤¢ ý¢��ø ¤�¨ �î ÝþÂ�Ú� ÂÑ÷ ¤¢ �¤ Fω ¥� ý� �ä�Þ¹õ Âþ¥ �Ø�þ� ÂÚõ .´Æ�÷ Ý�ÞÊ� Û��ì üû��µõ ö���õ����f ·õ .Àª�� üû��µõ ü÷���õ��� Í¨�� Ý�ÞÊ� Û��ì ö� ý�Ìä� ý�ûÇþ�Þ÷ ý¥¤�Ýû �¹�µ÷ ¤¢ ø À�î À�Öõ �¤ σüû��µõ ö���õ��� Í¨�� É�¿È� Û��ì ,À÷¤�¢ a ∈ |F| ö�� üµ��� ¤�ÀÖõ Àã� �� üþ�� ¥� �î Fω ¥� üþ�Ìä� Çþ�Þ÷Û��ì üóø .´¨� üû��µõ ö���õ��� Í¨�� É�¿È� Û��ì ga = {g ∈ |Fω||∀n ≥ N0 g(n) = a } ü�ãþ .À�µÆû
−FA ý�Â� �¥� ¯Âª ÍÖê üû��µõ ü÷���õ��� ý�Â� ´¡�¨ ×þ ý�Ìä� ý�ûÇþ�Þ÷ ý¥¤�Ýû ö¢�� É�¿È�üµ¡�¨ Fö� ¤¢ �î Fω ¥� üµ¡�¨ Âþ¥ ýÂþÁ� Çþ�Þ÷−FA ý�Â� ü�ãþ ,¢¤ø�üõ Ýû�Âê �¤ ´¡�¨ ö� ýÂþÁ�Çþ�Þ÷¤¢ F ´¡�¨ üÞ�� Í��ø ¤ ø â���� Àþ�� ö �ý�Ìä� ýÂþÁ� É�¿È� Â� ùø�ä ,´¨� ÂþÁ� Çþ�Þ÷−FA ø üû��µõ�÷.Àþ�Þ÷ üõ ü¨¤Â��¤ á�®�õ ßþ� ýÂµÖ�ì¢ �¤�Ê�Âþ¥ ý ��Ìì ø ÓþÂã� .À�ª�� ÂþÁ� Ý�ÞÊ� ö�� � � î ´¨� Fω ¥� üµ¡�¨ Â þ¥ Fω

S ´¡�¨ ù�Ú ÷� Àª� � Â þÁ � Çþ�Þ � �FA ø üû� � µ õ� ÷ ü µ¡�¨ F ´¡�¨ Âð�Â þ¥ S ö� ¤¢ ø ,¢�ª üõ ÓþÂã� Fω
S = {g : N → |F|

∣
∣ ∃N0 ∈ N ∀n > N0 ∃a ∈ S g(n) = a} �¤�¬üû��µõ ý�û �ó�± ÷¢ ��Þ� ý�ä�Þ¹õ �¤ Fω

S ö���üõ �� ÷ �¹�þ� ¤¢ âì�ø ¤¢ .´¨� |F| ¥� üû��µõ ý� �ä�Þ¹õ´Ô ð ö�� �ü õ ÂÚ þ¢ �¤� ± ä � � .À ÷� ªüõ Ý µ¡ gn ∈ S ö�� ü þ�Ìä� � � � î ´êÂ ð ÂÑ ÷ ¤¢ F ý�Ìä� ¥�.Fω
S = {g ∈ |Fω|

∣
∣ |g| = n ⇒ gn ∈ S ⊆ |F|}:4.2 ý��Ìì ý�¹�µ÷�µÆ� F ´¡�¨ üÞ�� â���� ø Í��ø ¤ ´½� S üû��µõ ý�ä�Þ¹õ Âð� ÍÖêø Âð� ´¨� ÂþÁ� Çþ�Þ÷−FA, Fω

S ´¡�¨.Àª��.´¨� 4.2 ý��Ìì À�÷�õ °ÜÎõ ßþ� ��±��.´¨� ÂþÁ� Çþ�Þ��FA �fÔ�ã® Fω ´¡�¨ ù�Ú÷� ,Àª�� ÂþÁ� Çþ�Þ��FA ø üû��µõ�÷ F ´¡�¨ Âð� : 5.2 ý��ÌìéÂãõ �î σ �ÜÞ� ,ö� ñø� ´ÞÆì ¤¢ �î �ø�Ô� ßþ� �� ,´¨� 4.2 ��Ìì ��±�� Û·õ �f õ�î Ýû °ÜÎõ ßþ� ��±��29



ö�� )´Æ�÷ À�Öõ ö� ¤¢ ý¢��ø ¤�¨ �î�Â� ,´Æ�÷ ÂþÁ� Ý�ÞÊ� üû��µõ ö���õ��� Í¨�� ´¨� Fω ý�Ìä�´¨À� F ý�Ìä� Çþ�Þ÷ ýø¤ ¥� Fω ý�Ìä� ý�Â� üÈþ�Þ��FA ö��� üÞ÷ Å� .(´¨� üû��µõ�÷ |F| �ä�Þ¹õ.¢¤ø�:¢�ª üõ ÓþÂã� Âþ¥ �¤�¬ �� Rk ùøÂð¼�½¬ °��Â® �� üþ�û ý��ÜÞ�À�� �� ý��� ùøÂð ßþ� âì�ø ¤¢ Rk = Z[1/k] = {zk−i|z ∈ Z, i ∈ N}ÓþÂã� Z(K∞) = Rk/Z �ó¢�ãõ �� Z(K∞) ùøÂð ��÷ ø .Ýþ�ù¢Âî üû¢¤�ÀÖõ 1/k �� �¤ x Â�çµõ �ú÷� ¤¢ �î À�µÆ�÷.¢�ªüõ:Ýþ¤�¢ �¤ Âþ¥ ��Ø�� ë�ê Óþ¤�ã� °Æ� Â��Ôó�õ �� �Ôó�õ ö� ýø¤ âÞ� ÛÞä ø ´¨� Zm ¥� üû��µõ ý�û �ó�± ÷¢ ö� ý�Ìä� �î ⊕

i∈N
Zm ùøÂð -1.´¨� ÂþÁ� Çþ�Þ��FA ,¢Â�ð üõ �¤�¬.´¨� ÂþÁ� Çþ�Þ��FA ,Z(K∞) ö�Þû �þ 1ÂêøÂ� ùøÂð -2.´¨� ÂþÁ� Çþ�Þ��FA ,k ∈ Z Âû ý�Â� Rk ùøÂð -3´¡�¨ ×þ (Zm,+) ùøÂð ö�� ´êÂð ÂÑ÷ ¤¢ (Zm)ω �¤�¬ �� ö��� üõ �¤ ⊕

i∈N
Zm ùøÂð :1 ��±��.´¨� ÂþÁ� Çþ�Þ��FA ,(Zm)ω ,4.2 ý��Ìì Õ±Ï Å� ´¨� üû��µõ:2 ��±��¤¢ ´¨� ÂÔ¬ �ú÷� ´��� ¤�ÀÖõ �î ¼�½¬ °��Â® �� üþ�û ý��ÜÞ� À�� �¤�¬ �� ö��� üõ �¤ Z(K∞) ùøÂðÂÑ÷ ¤¢ Z(K∞) = (Z[x]/Z)|x=1/k ö���üõ ü�ãþ .Ýþ�ù¢Âî üû¢¤�ÀÖõ 1/k �� �¤ x Â�çµõ �ú÷� ¤¢ �î ´êÂð ÂÑ÷ý�û �ó�±÷¢ �Þû ¥� ´¨� �¤�±ä Ýþ¢Âî RF

ω

S ý�Â� ��� ¤¢ �î üÔþÂã� Õ±Ï �î (Z0)ω ùøÂð �� ´¨�ñ¢�ãõ �î ´êÂðÕ±Ï ,´¨� �µÆ� ùøÂð ÛÞä �� ´±Æ÷ {0} �î �¹÷� ¥� .À�µÆû ÂÔ¬ Àã� �� üþ�� ¥� �î Z ý�Ìä� ¥� üû��µõ.´¨� ÂþÁ� Çþ�Þ��FA´¡�¨ ßþ� 4.2 ý��Ìì ý�¹�µ÷¥� üó�¡ �¹�þ� ¤¢ ö� ö¢¤ø� �î ´¨� Ý�ÖµÆõ ü��±�� ,´¨� ùÀª Âî£ ��Ìì ßþ� ý�Â� üÜ¬� �ó�Öõ ¤¢ �î ü��±�� �µ±ó�.´Æ�÷ ÓÎó
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¤¢ 1.2 ñ�·õ ¢¤�õ ¤¢ �»÷� À�÷�õ .ÝþÂ�ð üõ ÂÑ÷ ¤¢ �¤ Σ = {0,1,♦} ý�±Ôó� .k = 2 �î À��î Âê �Àµ��üõ ù¢�¢ Çþ�Þ÷ À÷�ª üõ Ýµ¡ 1 �� �î üþø¢ø¢ ý�û �µª¤ �� ´¡�¨ ßþ� ý�Ìä� Àª �µÔð ÛÊê ßþ� ý�Àµ���µª¤ ñ�·õ ý�Â� .Àþ� üõ ñø� ,¤�¢ ü�ãõ Ýì¤ ß�óø� �¹�þ� ¤¢ �î �ø�Ô� ßþ� �� ((N,+) ´¡�¨ Û·õ �fÖ�ì¢) .À÷�ªüû��µõ ö���õ��� ×þ .Àû¢ üõ Çþ�Þ÷ �¤ ÂÔ¬ ,üú� �µª¤ �µªÁð Û·õ .Àû¢üõ Çþ�Þ÷ �¤ 1/8 ¢Àä 001 ý�¹�þ� ¤¢ �î À�ª�� �µª�¢ ���� .Àþ�õ¥��� À÷��� üõ �µêÂð �¤�¬ üó�Öµ÷� ´�� ñ�ø ¤ ÕþÂÏ ¥� �î �¤ âÞ� ´½¬ö���õ��� ßþ� ñ�·õ ¤�Ï �� .¢�ª üõ �µêÂð ùÀþ¢�÷ üÜÖ÷ ´�� ßþÂ� ²� .¢ø¤ üõ ²� ´Þ¨ �� üó�Öµ÷� ´��.À�î üõ Õ�Ö½� Âþ¥ �µª¤ ©ÂþÁ� �Ü�¨ø �� �¤ [5/8] + [1/2] = [1/8]1 0 11 ♦ ♦0 0 1.´¨� {0, ..., k − 1,♦} ö���õ��� ßþ� ý�±Ôó� Z(K∞) ý�Â� ßþ�Â����:3 ��±��,(N,+) �î Ýþ¢�¢ ö�È÷ 1.2 ñ�·õ ¤¢ .´êÂð ÂÑ÷ ¤¢ Z×Z(K∞) �¤�¬ �� ö��� üõ �¤ k ∈ Z Âû ý�Â� Rk ùøÂð
(N,+) ´¡�¨ ¤¢ (Z,+) ´¡�¨ �î Ýþ¢�¢ ö�È÷ �µªÁð ÛÊê ¤¢ 3.2.1 ñ�·õ ¤¢ ��÷ ø ´¨� ÂþÁ� Çþ�Þ��FAñ�·õ ß�Þû 2 ´ÞÆì ¤¢ ùø�ä �� .´¨� ÂþÁ� Çþ�Þ÷-FA ,(Z,+) 3.2 ý ��Ìì Õ±Ï Å� .´¨� ÂþÁ�Â�±ã�,ÂþÁ� Çþ�Þ��FA´¡�¨ ø¢ Âû �Â® ,� 1.2 ý��Ìì Õ±Ï .´¨� ÂþÁ� Çþ�Þ��FA ,Z(K∞) �î Ýþ¢�¢ ö�È÷.´¨� ÂþÁ� Çþ�Þ��FA ,Rk Å� , Rk = Z × Z(K∞) ö�� .´¨� ÂþÁ� Çþ�Þ��FA�î .´¨� ù¢¤ø� k = 3«�¡ ´ó�� ¤¢ �¤ ü÷��Ï �fµ±Æ÷ üóø Ý�ÖµÆõ ü��±�� üÜ¬� �ó�Öõ 2 ´ÞÆì Û·õ �¹�þ� ¤¢Ýû ��ÞÌ÷� �� Z(K∞) ø (N,+) ý�Â� �¤ üþ�û Çþ�Þ��FA ö��� üõ :Ý��î üõ ö� �� ýÂÊµ¿õ ù¤�ª� �¹�þ� ¤¢¢ÂØþø ¤ �î ¢�Þ÷ ù¢�Ôµ¨� ¢ÂØþø ¤ ø¢ ¥� ö��� üõ .üÜÖ÷ ´�� ßþÂ� ²� ßµêÂð ùÀþ¢�÷ öøÀ� ¤�� ßþ� üóø ,¢Â� ¤�Ø�Âð� ñ�·õ ý�Â� .´¨� ýÂÆî ´ÞÆì ý�Â� �ø¢ ¢ÂØþø ¤ ø ´¨� ýÂ�þ�� Çþ�Þ÷ �Ü�¨�� ¼�½¬ ´ÞÆì ý�Â� ñø�:¢�ª üõ ù¢�¢ Çþ�Þ÷ Âþ¥ �µª¤ �Ü�¨ø �� 14+ 17/27 ÂÊ�ä ù�Ú÷� ,Àª�� k = 30 1 1 11 2 2 ♦31



.¢ø ¤ üõ ´¨�¤ �� ¼�½¬ ´ÞÆì ý�Â� üóø ¢ø¤ üõ ²� �� ýÂÆî ´ÞÆì ý�Â� üÜÖ÷ ´�� , ö¢Âî âÞ� ��Ú�û:À�î üõ Õ�Ö½� Âþ¥ �µª¤ �Ü�¨ø �� �¤ 141727 + 123 = 16 827 ö���õ��� ñ�·õ ý�Â�( ´¨�ùÀª �µª�÷ ²� �� ´¨�¤ ¥� �î ø¢ ý��±õ ¤¢ 14 ¢Àä Çþ�Þ÷ ) 0 1 1 1 ♦� µ ª� ÷ ´¨�¤ � � ²� ¥� � î � ¨ ý� � ± õ ¤¢ 17/27 ¢À ä Ç þ� Þ ÷ ) 1 2 2 ♦ ♦( ´¨�ùÀª��������������������������������������������������������������������(´¨�ùÀª �µª�÷ ²� �� ´¨�¤ ¥� �î ø¢ ý��±õ ¤¢ 1 ¢Àä Çþ�Þ÷) 1 ♦ ♦ ♦ ♦(´¨�ùÀª �µª�÷ ´¨�¤ �� ²� ¥� �î �¨ ý��±õ ¤¢ 2/3 ¢Àä Çþ�Þ÷) 2 ♦ ♦ ♦ ♦��������������������������������������������������������������������(´¨�ùÀª �µª�÷ ²� �� ´¨�¤ ¥� �î ø¢ ý��±õ ¤¢ 16 ¢Àä Çþ�Þ÷) 0 0 0 0 1(´¨�ùÀª �µª�÷ ´¨�¤ �� ²� ¥� �î �¨ ý��±õ ¤¢ 8/27 ¢Àä Çþ�Þ÷) 0 2 2 ♦ ♦.¢¤ø� ´¨À� ùøÂð ø¢ ´¡�¨ �Â® ÕþÂÏ ¥� Rk ý�Â� Çþ�Þ��FA×þ ö��� üõ ´þ�ú÷¤¢
ýÂþÁ��÷ Çþ�Þ��FA.À�µÆ�÷ ÂþÁ� Çþ�Þ��FA (Z, .) ø (Q, .) ý�û ´¡�¨ :6.2 ý��Ìì�î (üãÎì Â�è) üû��µõ ö���õ��� ���� ¢�Àã� ù�Ú÷� (¢�ª Â�±ã�) ,¢�ª ùÀ÷�¹�ð U Û·õ üµ¡�¨ ¤¢ (N,+)r Âð�üþ��k Âû ø ¢�¥� Â�çµõ k �� ñø� ��¤¢ ñ�õÂê Âû ý�¥� �� ö���õ��� ßþ� ü�ãþ) ,Àû¢ üõ Çþ�Þ��FA �¤ U ´¡�¨¥� ü±þÂ® (Â�¡�þ ´¨� ´¨¤¢ U ´¡�¨ ¤¢ üþ��k ßþ� ý�¥� �� ñ�õÂê ßþ� �î ¢Â�ð üõ Ý�ÞÊ� U ý�Ìä� ¥� °�ÂõÍ¨�� (Z, .) Âð� Å� ,¢�ª üõ ùÀ÷�¹�ð (Z, .) ´¡�¨ ¤¢ r ∈ N Âû ý�¥� �� (N,+)r �î �¹÷� ¥� .¢�� Àû��¡ rßþ� ø .´¨� Âµð¤�� üã�±Ï ¢Àä Âû ¥� ö���õ��� ßþ� ���� ¢�Àã� ,Àª�� �µª�¢ Çþ�Þ��FA üû��µõ ü÷���õ���( Àª�� �µª�¢ üû��µõ ���� ¢�Àã� Àþ�� üû��µõ ö���õ��� �î�Â� ) .´¨� üû��µõ ö���õ��� ÓþÂã� �� Ëì��µõ32



À � � î � �� � ,¢� ª ü õ ùÀ ÷� ¹ � ð (Z, .) ´ ¡� ¨ ¤¢ r ∈ N Â û ý�¥� � � (N,+)r �Â � � Ø � þ� í¤¢ ý�Â �× þ ,´ ¨� ´ ± · õ ø ¼ � ½ ¬ ý¢À ä k ö� ¤¢ � î f(n) = kn � Î �� ® � � f : N → Z ö� � ü ã �� � � îü õ � Ô � �¤ â Þ � Û Þ ä â �� � ß þ� � î�Â � .´ ¨� (Z, .) ´ ¡� ¨ � � (N,+) ´ ¡� ¨ ¥� ü µ ¿ þ¤× �ý� ó¢� ã õ ù� Ú ÷� ,À ª� � ´ ¨¤¢ (N,+) ´¡� ¨ ¤¢ a, b, c ∈ N ¢�À ä� ý�¥� � � a + b = c Â ð� ü � ã þ À � î: Ý þ¤�¢ � î�Â � ´ ¨� ´ ¨¤¢ (Z, .) ´ ¡� ¨ ¤¢ f(a), f(b), f(c) ∈ Z ¢�À ä� ý�¥� � � f(a).f(b) = f(c)�� ×þ ́ ª�Ú÷ ß��� ´±·õ ¼�½¬ ýk ¢Àä Âû ý�¥� �� ö�� .f(a).f(b) = ka.kb = ka+b = kc = f(c)¥� üµ¿þ¤ ×� ×þ ( f(a) = f(b) ⇒ ka = kb ⇒ Ln(ka) = Ln(kb) ⇒ a = b : Ýþ¤�¢ �î �Â�) üØþ´¨�(N,+) �� ´¿þÂÞû ,´¡�¨ Âþ¥ üû��µõ�÷ ¢�Àã� ýø�� (Z, .) Å� ,´¨� (Z, .) ´¡�¨ �� (N,+) ´¡�¨üû��µõ�÷ ¢�Àã� ýø�� ��÷ (Q, .) �î ¢�¢ ö�È÷ ø ´Æ�¤�Ø� ��÷ (Q, .) ´¡�¨ ¢¤�õ ¤¢ ö��� üõ �¤ ñ�Àµ¨� ß�Þû.¢¤ø� ´¨À� üÈþ�Þ��FA ö� ý�Â� ö��� üÞ÷ �Áó ´¨� (N,+) �� ´¿þÂÞû ,´¡�¨Âþ¥
ýÂþÁ� Çþ�Þ÷-FA �fÔ�ã® ��� ¤¢ üþ�þ�Ìì:7.2 ý��Ìì.´¨� Ó�ã® ÂþÁ� Çþ�Þ÷-FA ,(Q,+) ´¡�¨:��±��

(Q,+) 5.2 ��Ìì Õ±Ï Å� ´êÂð ÂÑ÷ ¤¢ (Z,+)ω ö��� üõ �¤ (Q,+) ,F ´¡�¨ ý�Â� Fω ÓþÂã� Õ��Îõ.( ´¨� ÂþÁ� Çþ�Þ��FA ø üû��µõ�÷ üµ¡�¨ (Z,+) ´¡�¨ �î�Â� ) .´¨� Ó�ã® ÂþÁ� Çþ�Þ��FA¤¢ ö� Âî£ �î ,´¨� ùÀª ��±�� �fÞ�ÖµÆõ (Q,+) ¥� Ó�ã® Çþ�Þ��FA×þ üêÂãõ �� ��Ìì ßþ� üÜ¬� �ó�Öõ ¤¢.´Æ�÷ ÓÎó ¥� üó�¡ �¹�þ�:(Q,+) ´¡�¨ ý�Â� Ó�ã® Çþ�Þ��FA×þ : 3.2 ñ�·õÂÆî Âû .z ∈ Z,0 ≤ (q ∈ Q) < 1 ö� ¤¢ �î ´êÂð ÂÑ÷ ¤¢ p = z + q �¤�¬ �� ö��� üõ �¤ p ∈ Q ¢Àä Âû33



ÂÑ÷ ¤¢ q = ΣN
i=2ai/i! �¤�¬ �� ¢Âê ��ÂÊ½�õ üÜþ¤�µî�ê ÍÆ� ×þ �¤�¬ �� ö��� üõ �¤ 0 ≤ (q ∈ Q) < 1ö��� üõ �¤ q üãì�ø ÂÆî Âû �Ø�þ� öÀª ßªø¤ ý�Â� .0 ≤ ai < i �Øþ¤�Î� ´¨� üã�±Ï ¢Àä ai ö� ¤¢ �î ´êÂð

q = n.(m−1)!
m.(m−1)!

= n.(m−1)!
m! ´ª�¢ Ý�û��¡ �¤�¬ ßþ� ¤¢ q = n/m À��îÂê ,´êÂð ÂÑ÷ ¤¢ �¤�¬ ßþÀ�üµ¨¤À� ö� Íþ�Âª Õ±Ï Çþ�Þ÷ Àª�� r < m Âð� . r < m ∨ r ≥ m �¤�¬ ßþ� ¤¢ r = n.(m−1)! Ý��î ÂêÝþ¤�¢ Å� 0 ≤ t < m ö� ¤¢ �î r = s.m + t Ýþ¤�¢ Ý�ÆÖ� Ý ó Õ±Ï r ≥ m Âð� üóø .´¨� �µ êÂð �¤�¬Âû ý�Â� �¤ ��� ¤¢ ùÀª ù¢�¢ �Âª Çþ�Þ÷ , s

(m−1)!
ý�Â� À÷ø ¤ ß�Þû ¤�ÂØ� �� q = r

m! = (s.m+t)
m! = s

(m−1)!
+ t

m!�î (z, q) �¤�¬ �� ö��� üõ �¤ p ∈ Q ¢Àä Âû �î ´Ôð ö��� üõ �¬�¡ ¤�Ï �� Å� .Ýþ¤ø� üõ ´¨À� q ¢Àä.¢�¢ Çþ�Þ÷ z ∈ Z,0 ≤ (q ∈ Q) < 1 ö� ¤¢.p = (z,ΣN
i=2ai/i!) ´Ôð ö��� üõ ÂµÖ�ì¢ �¤�¬ �� Å� q = ΣN

i=2ai/i! ö�� ùø�ä ��: Ýþ¤�¢ ü�ãþ .¢Â�ð üõ �¤�¬ �Ôó�õ �� �Ôó�õ p1, p2, p3 ∈ Q ¢Àä ø¢ ý�Â� âÞ� ÛÞäâÞ� p1 + p2 = (z1,ΣN
i=2ai/i!)+ (z2,ΣN

i=2bi/i!) = (z1 + z2,ΣN
i=2(ai + bi)/i!) = (z3,ΣN

i=2di/i!) = p3Ý þ¤�¢ ü � ã þ .¢Â � ðü õ ��¹ ÷� ü ã � ± Ï �¤�¬ � � ´¨� ùÀª ù¢�¢ Çþ� Þ ÷ �� � ¤¢ � î ü Ü þ¤� µ î� ê ý� û ÍÆ �×þ �õ ( 2 ≤ i ≤ N �î ) �ó�±÷¢ ßþ� ��i Û½õ ¤¢ �Ø�þ� Âê�� ΣN
i=2(ai + bi)/i! = ΣN

i=2ai/i! + ΣN
i=2bi/i!¤¢ ø ci = 0 ø ci+1 + ai + bi < i Âð� ÍÖê ø Âð� di = ci+1 + ai + bi : Ýþ¤�¢ ,Ý�ª�� �µª�¢ ci+1 üÜÖ÷ ´��ýÂ¨ ø¢ âÞ� ö�� � üõ ©ø¤ ßþ� ßµÆ � ¤�Ø � � � . ci = 1 ø di = ci+1 + ai + bi − i:Ý þ¤�¢ �¤�Ê� þ� Â �èâÞ� üµ¨¤¢ ö��� üõ ßþ�Â���� .¢�¢ ��¹÷� üû��µõ ö���õ��� ×þ ¥� ù¢�Ôµ¨� �� �¤ ΣN

i=2bi/i! ø ΣN
i=2ai/i! üû��µõ.´¨� ÂþÁ� Çþ�Þ��FA �fÔ�ã® (Q,+) ´¡�¨ �Áó .¢�õ¥� üû��µõ ü÷���õ��� Í¨�� �¤ p3 = p1 + p2
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��¨ ÛÊê
ÂþÁ� Çþ�Þ��FA ýÂ±� ý�û¤�µ¡�¨

üÜ�� ý�úûøÂð ��� ¤¢ ýÂþÁ� Çþ�Þ��FA ý�þ�Ìì 1.3:1.3 ��Ìì,Àª�� üû��µõ A ¤¢ B ÅþÀ÷� �î ý¤�Ï �� Àª�� B ö�� ÂþÁ� Çþ�Þ��FA ùøÂð Âþ¥ ×þ ý�¤�¢ A üÜ�� ùøÂð Âð�.´¨� ÂþÁ� Çþ�Þ��FA ��÷ A ù�Ú÷�:��±��Å� ,´¨� üû� � µ õ A ¤¢ B ÅþÀ÷� Âê Õ±Ï ö�� .À þÂ �Ú � ÂÑ ÷ ¤¢ �¤ A ¤¢ B ý�û �µ¨¢ Ýû �ä�Þ¹õ¤¢ �î {aB|a ∈ A} = {eB, a1B, ..., anB} Ýþ¤�¢ ü�ã þ .¢� � Àû��¡ üû�� µõ �ä�Þ¹õ ßþ� ý�Ìä� ¢�Àã ��û �µ¨¢ Ýû ßþ� ý�ä�Þ¹õ ü�ãþ .´¨� ñ�õÂ÷ ö� ùøÂð Âþ¥ Âû Å� ùÀª Âê üÜ�� A ö�� .ai /∈ B ö���Ìì Õ±Ï �õ� .´¨� üû� � µ õÂê Õ±Ï �î ,À�û¢ üõ ùøÂð ×þ Û�ØÈ� A ¥� ùÀª Ǒ�Ö ó� �Â® ÛÞä � �ÂþÁ� Çþ�Þ��FA ,B ùøÂð Âþ¥ ý�û �µ¨¢ Ýû ùøÂð Å� ´¨� ÂþÁ� Çþ�Þ��FA ,üû��µõ ´¡�¨ Âû Óó� 1.2Ýû ×þ ¤¢ ÍÖê A ¥� �Ìä Âû Å� ´¨� ý¥¤� Ýû �Î��¤ ×þ A ¤¢ ö¢�� �µ¨¢ Ýû �Î��¤ �î Ý�÷�¢ üõ .´¨�35



�µ¨¢ Ýû �� ÕÜãµõ a ∈ A ö�� ý�Ìä Ý��î Âê .A = eB ∪ a1B ∪ ... ∪ anB ��÷ ø .¢¤�¢ ¤�Âì B ý�µ¨¢¢Âê �� ÂÊ½�õ �¤�¬ �� ö��� üõ �¤ a Û·õ A �Ìä Âû Å� a = aib Ýþ¤�¢ b ∈ B ý�¥� �� ü�ãþ .´¨� aiB.(a = (ai, b) ⇔ a = aib ü�ãþ) .´¨� b ∈ B ø ai ∈ {e, a1, ..., an} ö� ¤¢ �î ¢�¢ Çþ�Þ÷ (ai, b) �¤�Ê�
a2 = (aj , b2) ø a1 = (ai, b1) ý�Â� Âð� ,ü�ãþ ´¨� ÓþÂã� ©�¡ A ý�Ìä� ý�Â� üÈþ�Þ÷ ß��� Ý��îüõ ´���.a1.a2 = (ai, b1).(aj , b2) = (ai.aj , b1.b2) = (ak, b3) ù�Ú ÷� a1.a2 = a3 Ý�ª� � �µª�¢ , a3 = (ak, b3) øß þ� Å � ´¨� ü Ü �� ùøÂ ð A ö�� a1.a2 = ai.b1.aj .b2 Å� a2 = aj .b2 ø a1 = ai.b1 Ý þ¤�¢ Â ê Õ ±ÏÝþ¤�¢ Å� a3 = ak.b3 ø a1.a2 = a3 Âê Õ±Ï �õ� .Àþ� üõ ¤¢ a1.a2 = ai.aj . b1.b2 �¤�¬ �� �ó¢�ãõ��� ¤¢ �î ¤�Î÷�Þû ai.aj .a

−1
k = b3.(b1.b2)−1 ´ª�¢ Ý�û��¡ Å� a1.a2 = (ai.aj).(b1.b2) = ak.b3 = a3ßþ�) .Àû¢ üõ ùøÂð ×þ Û�ØÈ� ,´¨� 1 ≤ i ≤ n ¢Àä Âû i ö� ¤¢ �î {ai, e} �ä�Þ¹õ ,Àª ù¢�¢ ¼�®��ö�� .{ai, e} ∩ B = {e} ü�ã þ ai /∈ B ,i Âû ý�¥� � � (.´¨� B ý�û�µ¨¢ Ýû ùøÂð ö�Þû ü�ã þ A

B
ùøÂð��÷ ø ai.aj = ak ü�ãþ ai.aj .a

−1
k = eÅ� ai.aj .a

−1
k ∈ {ai, e} ∩ B = {e} Å� ai.aj .a

−1
k = b3.(b1.b2)−1ÛÞä �� ÛþÀ±� Û��ì A ùøÂð �Â® ÛÞä �î À�îüõ ´��� üÔþÂã�©�¡ ßþ� .b3 = b1.b2 �¤�¬ ß�Þû ��

a1.a2 = (ai, b1).(aj , b2) = (ai.aj , b1.b2) ü�ãþ .´¨� A �Ìä Âû ý(ai, b) Çþ�Þ÷ ¤¢ �Ôó�õ �� �Ôó�õ �Â®� 1.2 ý ��Ìì Õ±Ï .´êÂð ÂÑ÷ ¤¢ {e, a1, a2, ..., an} × B �¤�¬ �� ö���üõ �¤ A �î Àû¢ üõ �¹�µ÷ ßþ� ø
{e, ai} ùøÂð �î Ýþ¢Âî ´��� ��� ¤¢ .´¨� ÂþÁ� Çþ�Þ��FA ,ÂþÁ� Çþ�Þ��FA (ùøÂð) ´¡�¨ ø¢ �ÂÌÜ¬���î A Å� ,´¨� ÂþÁ� Çþ�Þ��FA üûøÂð ��÷ B Âê Õ±Ï ��÷ ø ,( ´¨� üû��µõ ö�� ) ´¨� ÂþÁ� Çþ�Þ��FA.´¨� ÂþÁ� Çþ�Þ��FA ,´¨� ø¢ ßþ� �ÂÌÜ¬��: 2.3 ��Ìì×þ A.B ùøÂð �¤�¬ ßþ� ¤¢ .À�ª�� G ö�� üÜ�� üûøÂð ¥� ÂþÁ� Çþ�Þ��FA ùøÂð Âþ¥ ø¢ B ø A À��îÂêÍ¨�� ö� ý�Ìä� ü�ãþ ) .Àª�� Àõ�¤�î ÂþÁ� Ý�ÞÊ� A∩ B �ä�Þ¹õ �Ø÷� ¯Âª �� ´¨� ÂþÁ� Çþ�Þ��FA ùøÂð.(À÷�ª ù¢�¢ É�¿È� üû��µõ ö���õ��� ×þ:��±��
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¥� ùøÂð Âþ¥ ×þ A.B = {xy|x ∈ A, y ∈ B} �¤�¬ �� �î A.B ùøÂð Å� ,´¨� üÜ�� üûøÂð G ö��
a ∈ A, b ∈ B ö� ¤¢ �î ¢�¢ Çþ�Þ÷ (a, b) ö�� ü±�Âõ �ø¥ �¤�¬ �� �¤ A.B ùøÂð Âû ö��� üõ ø ´¨� G ùøÂð�î ,À÷�ª üõ Çþ�Þ÷ À�� ý�¤�¢ ,À�µÆû A ∩ B ¤¢ �î üþ�Ìä� ,A.B ùøÂð ý�Ìä� ¥� Çþ�Þ÷ ¥ÂÏ ßþ� �� üóø°ÜÎõ ßþ� í¤¢ ý�Â� .´Æ�÷ ýÂ�ð Ý�ÞÊ� Û��ì �Ìä ×þ ¥� ÓÜµ¿õ ý�úÈþ�Þ÷ ßþ� ý�Â� ýø�Æ� �Î��¤ßþ� üóø .´¨� A ∩ B ¥� ý�Ìä ��÷ uv ´¨� ùøÂð ×þ ¢�¡ A ∩ B ö�� Àª�� u, v ∈ A ∩ B À��î Âê�î�Â� (u, v) = (v, u) �î ´¨� É¿Èõ .¢�� Àû��¡ (v, u) ø (u, v) �ø�Ôµõ Çþ�Þ÷ ø¢ ý�¤�¢ (uv ü�ãþ) ÂÊ�ä´Æ�÷ ��Üãõ �î ´¨� G ùøÂð ¥� �Ìä ø¢ �Â® ´¨� �µê¤ ¤�î �� �ÜÞ� ßþ� ¤¢ �î ü�Â® ÛÞä üóø ,u.v = v.u�î�Â� ¢�ª �µêÂð ÂÑ÷ ¤¢ B ùøÂð �þ A ùøÂð � Â® ö���ä �� À÷��� üÞ÷ �Â® ßþ� ßÞ® ¤¢ .Àª�� ÂþÁ� Ý�ÞÊ�üõ üóø .Ý�µÆ�÷ �úûøÂð ßþ� ¥� üØþ ¥� �Ìä ø¢ �Â® Àû�ª ( ö� ´¨�¤ éÂÏ ¤¢ �þ ) ýø�Æ� ²� éÂÏ ¤¢ �f ·õ
A ∩ B éÁ� ¥� �î ) B′ ùøÂð �� A í�Âµª� �î ¢�Þ÷ ß�ÞÌ� ùøÂð ø¢ ßþ� ¥� üØþ ¥� ��î�Âµª� ßþ� éÁ� �� ö���ÂÊ�ä Âû ö��� üõ �¤�¬ ßþ� ¤¢ ø A ∩ B′ = {e} ü�ãþ .´¨� ü÷�Þû ÂÊ�ä ,�ú�� ,( Àþ� üõ ´¨À� B ¥�
A.B ý�Ìä� ��Þ� Ûõ�ª A.B′ ùø�ä �� ø .¢�¢ Çþ�Þ÷ �ú±�Âõ �ø¥ Í¨�� ¢Âê �� ÂÊ½�õ �¤�¬ �� �¤ A.B′ùøÂð Âþ¥ Âû ´¨� üÜ�� G ùøÂð ö�� ) ´¨� B ¥� ñ�õÂ÷ üûøÂð Âþ¥ A ∩ B ö�� ¤�Ñ�õ ßþ� ý�Â� .¢�ª üõ,À�µÆû ��÷ A ¤¢ �î B ¥� üþ�Ìä� ý�Þû �¤�¬ ßþ� ¤¢ .Ý�û¢ üõ ¤�Âì B

A∩B
Â��Â� �¤ B′ ( ´¨� ñ�õÂ÷ ,ö�Õ±Ï ö�� A.B

A
∼= B

A∩B
⇒ A.B ∼= A × B

A∩B
: Ýþ¤�¢ ÝÆ�ê¤�õø�þ� �ø¢ ��Ìì Õ±Ï .Àª À�û��¡ e Â��Â�,B ö�� ñ�� .´¨� ÂþÁ� Çþ�Þ��FA ,B′ = B

A∩B
ý�ä�Þ¹õ Å� ´¨� Àõ�¤�î ÂþÁ�Ý�ÞÊ� A ∩ B ÂêÇþ�Þ÷ Û��ì LB ÝÑ�õ ö��¥ ¤¢ ΣB ö�� üû��µõ ý�±Ôó� ýø¤ ö� ý�Ìä� ¥� ×þ Âû Å� ,´¨� ÂþÁ� Çþ�Þ��FA�� ö��� üõ Âê Õ±Ï x ∈ B �Ìä Âû ý�Â� �î ,Ýþ¥�¨ üõ ß��� B ùøÂð Çþ�Þ÷ ýø¤ ¥� �¤ B′ Çþ�Þ÷ .´¨�

B ùøÂð ¥� eÇ þ�Þ÷ �ó�±÷¢ �� �¤ x ù�Ú÷� Àª�� x ∈ A ∩ B Âð� .Â�¡ �þ x ∈ A ∩ B �î ¢Âî É¿Èõ Àõ�¤�î ¤�Ï�¤�¬ ßþ� ¤¢ .Ý�û¢ üõ Çþ�Þ÷ B ¤¢ ©¢�¡ Çþ�Þ÷ �ó�±÷¢ �� �¤ x �¤�¬ ßþ� Â�è ¤¢ ø .Ý�û¢ üõ Çþ�Þ÷ÂþÁ� Çþ�Þ��FA ,B ö�� .´¨� Çþ�Þ÷ Û��ì ,´¨� LB �ä�Þ¹õ Âþ¥ �î L′
B ö�� üÞÑ�õ ö��¥ ¤¢ B′ ý�Ìä�ÂþÁ� Ý�ÞÊ� LB ö��¥ ¤¢ B ý�Ìä� Çþ�Þ÷ ý�Â� ùøÂð �Â® ÛÞä ,ýÂþÁ� Çþ�Þ��FAÓþÂã� Õ±Ï Å� ,´¨�
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ü�ãþ .´¨� ÂþÁ� Ý�ÞÊ� ,L′
B ⊆ LB ¤¢ B′ ý�Ìä� Çþ�Þ÷ ý�Â� B′ ùøÂð ¤¢ �Â® ÛÞä �f±ì�ãµõ Å� .´¨�Õ±Ï Å� À÷ÂþÁ� Çþ�Þ��FA ,B′ ø A ùøÂð ø¢ Âû ö�� ��÷ ø A.B = A× B′ ö�� .´¨� ÂþÁ�Çþ�Þ��FA ,B′.´¨� ÂþÁ� Çþ�Þ��FA ��÷ ,´¨� A.B ùøÂð ö�Þû �î �ú÷� �ÂÌÜ¬�� ,� 1.2 ý��Ìì: < p−∞a > ý�úûøÂð ÓþÂã�,a ∈ Q2 ø À�ª�� ý�þ�Þµõ ñø� ¢�Àä� p1, p2, q ��÷ ø À�ª�� Q2 ý�Â� ¢¤�À÷�µ¨� ý�þ�� ý�Ìä� e1 ø e0 À��îÂê

< p−∞a > �¤�¬ �� ´¨� Rp ö�Þû �î �¤ {ap−i|i ∈ N} �ä�Þ¹õ Í¨�� ùÀª À�ó� � ùøÂð �¤�¬ ßþ� ¤¢.Ý�û¢üõ Çþ�Þ÷:1.3 ñ�·õ.´¨� ÂþÁ� Çþ�Þ��FA < p−∞1 e0, p−∞2 e1 > ùøÂð -1.´¨� ÂþÁ� Çþ�Þ��FA < p−∞1 e0, p−∞2 e1, q−∞(e0 + e1) > ùøÂð -2:1 ��±��¤¢ �î ´¨� ¼�½¬ °��Â® �� �û ý��ÜÞ� À�� ý�ÖÜ� âì�ø ¤¢ < p−∞

i ej > ý�úûøÂð ¥� ×þ Âû âì�ø ¤¢4.2 ý��Ìì ý�¹�µ÷ Õ±Ï < p−∞

i ej > ∼= Z[x]|x=1/pi
ü�ãþ .´¨� ùÀª üû¢ ¤�ÀÖõ 1/(pi) �� x Â�çµõ �ú÷�

< p−∞1 e0 >,< p−∞2 e1 > ý�úûøÂð ¥� ×þ Âû Å� .´¨� ÂþÁ� Çþ�Þ��FA �î Zω0 [1/pi] �� ´¨� ñ¢�ãõ ßþ�ÂþÁ� Çþ�Þ��FA ¢�¡ �ûùøÂð ßþ� ø¢ Âû �Ü�¨�� ùÀª À�ó�� ùøÂð �Ø÷� ��±�� ý�Â� üóø .´¨� ÂþÁ� Çþ�Þ��FAÅþÀ÷� ý�¤�¢ < p−∞1 e0, p−∞2 e1 > ¤¢ �û ùøÂð ßþ� ¥� ×þ Âû ö�� .Ý��î üõ ù¢�Ôµ¨� 1.3 ý��Ìì ¥� ´¨�.´¨� ÂþÁ� Çþ�Þ��FA < p−∞1 e0, p−∞2 e1 > ��Ìì ßþ� Õ±Ï Å� ,´¨� 2 üû��µõÝþ¤�¢ �î�Â� .´¨� p ý��±õ ¤¢ r ö�� üþ� þ�ð ¢Àä Çþ�Þ÷ âì�ø ¤¢ < p−∞ > �Ìä Âû �î À��î ����ý�¤�¢ �î ´¨� üþ� þ�ð ¢�Àä� ��Þ � �ä�Þ¹õ Rp ùøÂð �¹�µ ÷ ¤¢ ø r = a0 + a1/p+ a2/p2 + ... + an/p
n

p1 ñø� ¢Àä ý� � ± õ ¤¢ 0 < r < 1 ¢Àä Â ð� � î À � � î ��� � ùø�ä � � .À � µÆû p ý� � ± õ ¤¢ üû� � µ õ ÍÆ �.´¨� üû�� µõ� ÷ ÍÆ� ý�¤�¢ p2 ö�� ýÂÚþ¢ ñø� ¢Àä ý��±õ ¤¢ ¢Àä ßþ� ù�Ú ÷� ,Àª� � üû�� µõ ÍÆ� ý�¤�¢ü � ã þ À ª� � � µ ª�¢ p1 ý� � ± õ ¤¢ üû� � µ õ Ç þ� Þ ÷ 0 < r < 1 À � � î Â ê ° ÜÎ õ ß þ� öÀª ßªø¤ ý�Â �38



ý� ûÂ Æ î ýÂ � ð íÂ µ È õ �Â¿ õ ¥� z1/pn1 ö� ¤¢ � î r = a1/p1 + a2/p21 + ... + an/p
n1 = z1/pn1 Ý þ¤�¢¤¢ r �î À��îÂê ,�ä¢� é�¡ Â� ñ�� .z1 ∈ Z �Áó ø ´¨� ùÀõ� ´¨¢ �� a1/p1 + a2/p21 + ... + an/p

n1Å� r = z2/pm2 ,Ýþ¤�¢ ��� ��½�®�� Õ±Ï Àª�� üû��µõ ÍÆ� ý�¤�¢ �� ÷ p2 ö�� ýÂÚþ¢ ñø� ¢Àä ý��±õ�Î��¤ ßþ� ö¢Âî ß�Î¨ø ß�êÂÏ � � z1, z2 ∈ Z,0 < r < 1 ö� ¤¢ �î r = z2/pm2 = z1/pn1 ´ª�¢ Ý�û��¡ñø� Ýû �� ´±Æ÷ Å� À÷� ùÀª �µêÂð ÂÑ÷ ¤¢ ñø� p1, p2 ö�� pn1|(z1)pm2 Å� (z1)pm2 = (z2)pn1 Ýþ¤�¢ ýø�Æ�ßþ�Â���� ,¢�� Âê Õ±Ï 0 < r < 1 ¢Àä Çþ�Þ÷ ö�Þû ßþ� �õ� z1/pn1 ≥ 1 ßþ�Â���� pn1|(z1) Ýþ¤�¢ Å� .À�µÆû.(r = 0 ü�ãþ) .Rp1 ∩ Rp2 = Z �Áó .¢¢Âð üõ ��±�� �ä¢� ø ÛÏ�� ÓÜ¡Âê:2 ��±���� � �� ½ � ®� � Õ ± Ï ù� Ú ÷� Ý � û¢ ¤�Â ì B =< q−∞(e0 + e1) > ø A =< p−∞1 e0, p−∞2 e1 > Â ð�ùøÂ ð 2.3 � � Ì ì Õ ± Ï Å � ´ ¨� À õ�¤� î Â þÁ � Ý � ÞÊ � A ∩ B ü � ã þ A ∩ B = Z × Z = Z(e0 + e1).´¨� ÂþÁ� Çþ�Þ��FA , < p−∞1 e0, p−∞2 e1, q−∞(e0 + e1) >ý�úµ¡�¨ � � ¯� �Âõ ý� þ�Ìì ¥� ù¢� Ô µ¨� � � �¤ � �Ìì ßþ� Ý � µÆ ÷�� �üÞ ÷ �î ´¨� ü¨�¨� � µØ ÷ ßþ� � � ��� �.Ý��î ��±�� 1.3 ý��Ìì ��÷ ø ÂþÁ� Çþ�Þ��FA
üÜ���÷ ý�ûùøÂð ��� ¤¢ ýÂþÁ� Çþ�Þ��FA ý�þ�Ìì 1.1.3ý�¤�¢ G Âð� ÍÖê ø Âð� Ý�þ�ð üû��µõ C �fã®�õ �¤ G ùøÂð ,Àª�� �ûùøÂð ¢¤�õ ¤¢ üµ�¬�¡ C À��îÂê :ÓþÂã��fã®�õ �¤ G ùøÂð ßþ�Â���� .´¨� üû��µõ G ¤¢ H ÅþÀ÷� �Øþ¤�Î� Àª�� H Û·õ C ´�¬�¡ �� üó�õÂ÷ ùøÂð Âþ¥.Àª�� G ¤¢ üû��µõ üÆþÀ÷� �� ý�üÜ�� ñ �õÂ÷ ùøÂð Âþ¥ ý�¤�¢ G Âð� Ý�þ�ð üõ üû��µõ üÜ��: 3.3 ��Ìì.´¨� ÂþÁ� Çþ�Þ��FA ,Àª�� üû��µõ üÜ�� �fã®�õ À �ó�µó� üû��µõ �î G ùøÂð Âû:��±��
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ÂþÁ� Çþ�Þ��FA üûøÂðÂþ¥ ý�¤�¢ G Ý��î ´��� �Ø÷� ¯Âª �� ´¨� 1.3 ý��Ìì Û·õ �fÖ�ì¢ ��Ìì ßþ� ��±���î ´¨� B ö�� üÜ�� ñ�õÂ÷ ùøÂð Âþ¥ ý�¤�¢ Å� ,´¨� üû��µõ üÜ�� �fã®�õ G ö�� .´¨� üû��µõ ÅþÀ÷� ��ýÀ�� ù¢¤ ý��Ìì Õ±Ï ñ�� .´¨� ß��� ��÷ B Å� ´¨� À�ó�µó� üû��µõ G ö�� .´¨� üû��µõ G ¤¢ ö� ÅþÀ÷��ûmi ø m ö� ¤¢ �î ´¨� Zm ×Zm1 × ....×Zmn
ö�� üûøÂð �� é¤�õø�þ� B ,À�ó�µó� üû��µõ üÜ�� ý�úûøÂð((N,+) ¤¢ (Zm,+) ýÂþÁ�Â�±ã� ��÷ ø ùÀõ� 1.2 ñ�·õ ¤¢ �î �»÷� Â����) (Zm,+) ùøÂð .À�µÆû üã�±Ï ý¢�Àä�Õ±Ï .´¨� ÂþÁ� Çþ�Þ��FA ßþ�Â���� ø ´¨� üû��µõ ��÷ Zm1 × .... × Zmn

ùøÂð ��÷ ø .´¨� ÂþÁ� Çþ�Þ��FA
Zm ×Zm1 × ....× Zmn

Ûî ¤¢ Å� .´¨� ÂþÁ� Çþ�Þ��FA ,ÂþÁ� Çþ�Þ��FA ùøÂð ø¢ �Â® � 1.2 ý ��Ìì.´¨� 3.1 ý ��Ìì À�÷�õ �fÖ�ì¢ ��±�� ��Ö� .´¨� ÂþÁ� Çþ�Þ��FA ,B ö� °ì�ãµõ ø ´¨� ÂþÁ� Çþ�Þ��FA:4.3 ��Ììö�� G ¥� ùÀª À�ó�� �f�û��µõ ùøÂð Âþ¥ Âû �¤�¬ ßþ� ¤¢ ,Àª�� ÂþÁ� Çþ�Þ��FA üû��µõ�÷ ùøÂð ×þ G À��îÂê´¨� (log(|Σ|))(k + 1) Â��Â� Â·î�À� H üÜ�� ´ÞÆì ü��� Â�è �±�Âõ ùø�ä �� ø .´¨� üû��µõ üÜ�� �fã®�õ HùøÂð ÛÞä �î ´¨� ü÷���õ��� ý�úµó�� ¢�Àã� k ø Ýþ�ù¢�¢ Çþ�Þ÷ ö� �� �¤ G ý�Ìä� �î ´¨� üþ�±Ôó� Σ ö� ¤¢ �î.¢Â�ð üõ Ý�ÞÊ� �¤ G:��±��.Ýþ¤�¢ ���µ�� ö��� ��� ý�úûøÂð ¢¤�õ ¤¢ üÞ�û�Ôõ �� ¤�Ñ�õ ßþ� ý�Â�
n+ 1 �±�Âõ ¥� ö��� ��� G ( Z(G) = G ü�ãþ ) .Àª�� üÜ�� G Âð� ÍÖê ø Âð� ´¨� 1 �±�Âõ ö��� ��� G ùøÂð�� �î 1ïÂ±�Æ�û ùøÂð ¥� ý� �¿Æ÷ �� ß��»Þû �õ .Àª�� n �±�Âõ ¥� ö��� ��� G

Z(G) Âð� ÍÖê ø Âð� ´¨�.´¨� é¤�õø�þ� 2 �±�Âõ ¥� ¢�¥� ö��� ��� ùøÂð �� �î�Â� Ýþ¤�¢ ���µ�� ,¢�ª üõ ù¢�¢ Çþ�Þ÷
:Ýþ¥�¢Â�üõ ��Ìì ��±�� �� ñ���¤� ¬ � � ý�� Ü Þ �À � � ©Â µ Æ ð × þ À ª� � ùÀ ª À � ó� � {g1, ..., gr} � � � î H � G ùøÂ ð Â þ¥ Â û
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ýù¥�À÷� �î xn �� x1 ¥� ùÀõ�¢���� ¢�¥� ùøÂð ý�Ìä� ��Þ� ü�ãþ ) {t(g1, ..., gr)|t ∈ F (x1, ..., xn), |t| ≤ n}��Ìì Õ±Ï ßþ�Â���� .´¨� n �±�Âõ ¥� ý��ÜÞ�À�� �� Â��Â� ý�ù¥�À÷� ý�¤�¢ �î ¢¤�¢ (´¨� n ýø�Æõ ÂµØ��î �ú÷�üõ Àª�� À�ó�µó� üû��µõ ©¢�¡ G �î üµìø ü�ãþ G = H Âð� .´¨� üû��µõ ö��� ��� �fã®�õ H , [5] 2é�õÂð¤¢ �î ý���Ìì ¥� ù¢�Ôµ¨� �� �¤�¬ ßþ� ¤¢ Àª�±÷ üÜ�� üû��µõ �fã®�õ G Âð� : ¢�Þ÷ ñ�±÷¢ ß��� �¤ ¶½� ö���ÂþÁ� Çþ�Þ��FA´¡�¨ ×þ ý�þÂÑ÷ üóø .´¨� ÂþÁ��÷ Ý�ÞÊ� ý��þÂÑ÷ ý�¤�¢ G ,ùÀª ù¤�ª� ö�À� [23] â�Âõ.´¨� üû��µõ üÜ�� �fã®�õ G ßþ�Â���� ´¨� ÂþÁ� Ý�ÞÊ� ü��þ¥ ¤� É½Ô� ´�¬�¡ Õ±Ïö��� ��� �fã®�õ ùøÂð ×þ ,´¨� ùÀª ��±�� [23] â�Âõ ¤¢ ö��� ��� ý�úûøÂð ¢¤�õ ¤¢ �î ü¹þ�µ÷ ¥� ù¢�Ôµ¨� ��ßþ� �� �õ�÷ö�þ�� ßþ� ¤¢ �î ü������ Û¬� .´¨� üû��µõ üÜ�� �fã®�õ �þ ø ¢�ª üõ ùÀ÷�¹�ð UT3 ¤¢ �þ ,üû��µõ,´Æ�÷ ÂþÁ� Çþ�Þ��FA ¢�ª ùÀ÷�¹�ð UT3 ¤¢ �î ý�G ùøÂð Âû Ý�û¢ ö�È÷ �î ´¨� ö� ¢�ª üõ �ê�®� ��±��.´¨� 2.6 ý��Ìì �� Âþ�çõ �î Àõ� Àû��¡ ´¨À� (N, .) ¥� Ó�ã® Çþ�Þ��FA×þ �¤�¬ ßþ� ¤¢ �î �Â�ö� ¤¢ �î ¢¤�¢ < a, b, q : aba−1b−1 = q, aqa−1q−1 = bqb−1q−1 = 1 > �¤�¬ �� üÈþ�Þ÷ UT3(Z)�î�Â�:À�µÆû Âþ¥ ý�úÆþÂ��õ a, b, q
¢Â� ùÂú� ´�ãì�ø ßþ� ¥� [16] â�Âõ ¤¢ é�ØÜõ .´¨� ´¨¤¢ m,n ∈ Z Âû ý�Â� ambna−mb−n = qmn Å�ÓþÂã� ý�Â� .Àû¢ üõ ö�È÷ �¤ m ¼�½¬ ¢Àä ×þ qm ,Â�±ã� ßþ� ¤¢ .À�î Â�±ã� UT3(Z) ¤¢ (Z, .) À÷��µ� ���î σ : ∃u, v ∈ C(q) x = ubu−1b−1 ∧ y = ava−1v−1 ∧ z = uvu−1v−1 ñø� ��¤¢ �¤�¬ �� �Â®¼�½¬ ¢Àä ø¢ m,n �î À�ª�� x = qm, y = qn Âð� .´¨� UT3(Z) ùøÂð ¤¢ q ÂÊ�ä ¥�¨ �îÂõ C(q) ö� ¤¢Âê ,é�¡ Â� ñ�� .´¨� x = am, v = bn �äÀõ ßþ� Àû�ª ø .´¨� ´¨¤¢ UT3(Z) ¤¢ σ �ÜÞ� ù�Ú÷� À�µÆûùøÂð ��� ��½�®�� �� ������ �¤�¬ ßþ� ¤¢ ,Àª�� G ÂþÁ� Çþ�Þ��FA ùøÂð ¤¢ öÀ÷�¹�ð Û��ì UT3(Z) À��î.´¨� (Z, .) ö¢�� ÂþÁ��÷ Çþ�Þ��FA �� Ëì��µõ ßþ� �î ¢�¢ Çþ�Þ÷ �fÔ�ã® G ¤¢ ö��� üõ �¤ (Z, .)
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�ú÷�À�õ ø �û�ÖÜ� ��� ¤¢ ýÂþÁ� Çþ�Þ��FA ý�þ�Ìì 2.1.3:5.3 ��Ììý�¤�¢ β �¤�¬ ßþ� ¤¢ .Àª�� U ¥� üµ¡�¨ Âþ¥ β À��îÂê ��÷ø Àª�� ÂþÁ�Çþ�Þ÷-FA üµ¡�¨ U À��îÂê.´¨� Ó�ã® Çþ�Þ÷-FA×þ,β �î ´Æ� ÷ � � ã õ ö�À � � �Ìì ßþ� ßÞ® ¤¢ ø ´Æ� ÷ Â þÁ � Â � ± ã � U ¤¢ � õø� ó β ´¡�¨ Â þ¥ � î À � � î ��� �.À�î üõ ß�ÞÌ� β ´¡�¨ ý�Â� �¤ Ó�ã® Çþ�Þ÷-FA×þ ¢��ø ÍÖê ø ´Æ�÷ ÂþÁ�Çþ�Þ÷-FA¤¢ ýø�Æ� �Î��¤ ��÷ ø üÞ�� �Î��¤ Âû �î Ý��î ´��� ´Æ�ê�î Ó�ã® ýÂþÁ�Çþ�Þ÷-FAÓþÂã� Õ±Ï :ö�ûÂ�Çþ�Þ÷ Û��ì ÝÑ�õ ü÷��¥ ¤¢ β ý�Ìä� �î Ýþ¢�¢üõ ö�È÷ ùø�ä �� Âð�) .´¨� Àõ�¤�î ÂþÁ�Ý�ÞÊ� β ´¡�¨(.´Æ�÷ ÂÆ�õ Âõ� ßþ� �ó�Æõ ��®øÂÔõ �� üóø .´¨� ÂþÁ�Çþ�Þ÷-FA ,β �î Ý��î ÝØ� Ý�µÆ÷���üõ ,À�µÆû.|β| ⊆ |U| ü�ãþ .´¨� U ¥� üµ¡�¨ Âþ¥ β ö�� ùø�ä �� ø ´Æû ��÷ U ¤¢ üÞ�� �Î��¤ ×þ β ¤¢ üÞ�� �Î��¤ ÂûÕ±Ï �õ� .¢�ª �µêÂð ÂÑ÷ ¤¢ U ý�Ìä� ¥� °�Âõ üþ��k ×þ ö���ä �� À÷��µ�õ β ý�Ìä� ¥� °�Âõ üþ��k Âû Å�
U ý�Ìä� ¥� °�Âõ üþ��k Âû ø Rk üã®�õk �Î��¤ Âû ý�¥� �� ü�ãþ .´¨� ÂþÁ�Çþ�Þ÷-FA üµ¡�¨ U Âê×þ ö���ä �� À÷���üõ ,β üÞ�� �Î��¤ Âû ö�� Å� .´¨� Àõ�¤�î ÂþÁ� Ý�ÞÊ� Rk(a1, ..., ak),(a1, ..., ak) Û·õ¤¢ U ý�Ìä� ¥� °�Âõ üþ�� À�� ö���ä �� À÷���üõ β ý�Ìä� ¥� °�Âõ üþ�� À�� Âû ø ¢�ª üÖÜ� U üÞ�� �Î��¤�Áó ,´¨� ÂþÁ� Ý�ÞÊ� ö� ý�Ìä� ¥� °�Âõ üþ�� À�� Âû ý�¥� �� U ¤¢ üÞ�� �Î��¤ Âû �î ßþ� ��÷ ø ¢�ª �µêÂð ÂÑ÷.´¨� Àõ�¤�î ÂþÁ� Ý�ÞÊ� ,ö� ý�Ìä� ¥� °�Âõ üþ��k Âû ý�¥� �� β ´¡�¨ ¤¢ Rk üã®�õk üÞ�� �Î��¤ Âû�ä�Þ¹õ �� �î ´¨� U ´¡�¨ ý�Ìä� ß�� ýø�Æ� �Î��¤ ö�Þû β ´¡�¨ ý�Ìä� ß�� ýø�Æ� �Î��¤ ùø�ä ��.´¨� ÂþÁ�Çþ�Þ÷-FA �Ô�ã® β �Áó .´¨� ùÀª ÀþÀ½� |β| (ÂþÁ��÷ ÓþÂã� �fä�÷):6.3 ��Ìì.¢¤�¢ ÂÔ¬ Â�è ý� �Ê¿Èõ ,ÂþÁ�Çþ�Þ÷-FA ¤�ÀØþ ý�ÖÜ� Âû:ö�ûÂ�42



.Àª�� ÂÔ¬ ý �Ê¿Èõ ý�¤�¢ ,(R, .R,+R,1R,0R) Â þÁ�Çþ�Þ÷-FA ¤�ÀØþ ý�ÖÜ� À��î Âê ,ÅØäÂ�
f(z) = z1R �Î��® �� �¤ f : Z → R â��� .´¨� R ¥� üµ¡�¨ Âþ¥ �� ´¿þÂØþ (Z,×) ´¡�¨ �î Ý�û¢üõ ö�È÷:¥� ´Æ�¤�±ä z1R ¥� ¤�Ñ�õ ��÷ ø ´¨� R �ÖÜ� �Â® ü÷�Þû ÂÊ�ä1R ö� ¤¢ �î

z > 0 z1R = 1R + 1R + ....
︸ ︷︷ ︸

z−times

z < 0 z1R = (−1R) + (1R) + ....
︸ ︷︷ ︸

z−times

z = 0 z1R = 0R

z1, z2 ∈ Z ÂÊ�ä ø¢ Âû ý�Â� Ý�û¢ ö�È÷ Àþ�� .´¨� R �� Z ¥� üµ¿þ¤×� ×þ fÝ��î üõ ´��� .ÀþÂ�Ú� ÂÑ÷ ¤¢:Ýþ¤�¢
f(z1 + z2) = f(z1) + f(z2) - 1
f(z1 × z2) = f(z1).Rf(z2) - 2
f(z1) = f(z2) → z1 = z2 - 3:1 ��±��

f(z1 + z2) = (z1 + z2)1R = (1R) + (1R) + ....
︸ ︷︷ ︸

z1+z2−times

= f(z1) + f(z2) = 1R + 1R + ....
︸ ︷︷ ︸

z1 +1R + 1R + ....
︸ ︷︷ ︸

z2 = z11R + z21R :2 ��±��
f(z1 × z2) = (z1 × z2)1R = 1R + 1R + ....

︸ ︷︷ ︸

z1×z2
= z11R + z11R + ....

︸ ︷︷ ︸

z2times

= z11R(1R + 1R + ....
︸ ︷︷ ︸

z2times

)

= z11R.Rz21R = f(z1).Rf(z2) :3 ��±��
f(z1) = f(z2) ⇒ f(z1 − z2) = 0 ⇒ (z1 + z2)1R = 0R43



ü�ãþ .´¨� ÂÔ¬ ý�Ê¿Èõ �� ¤�ÀØþ ý�ÖÜ� ×þ RÂê Õ±Ï �õ�
(z1 − z2)1R = 0R ⇒ z1 − z2 = 0 ⇒ z1 = z2.´¨� R �� Z ¥� üµ¿þ¤×� ×þ f ßþ�Â���� .´¨� ×þ �� ×þ f â��� ü�ãþ,ÂÔ¬ ý�Ê¿Èõ�� ,¤�ÀØþ ý�ÖÜ� Âû ¥� ´¡�¨Âþ¥ ×þ ÝÆ�ê¤�õø�þ� À� ¤¢ (Z,×,+,0,1) �î Ýþ¢�¢ ö�È÷ Å�ÂþÁ�Çþ�Þ÷-FA ( Âê Õ±Ï)R Â Ô¬ ý �Ê¿Èõ�� ¤�ÀØþ ý�ÖÜ� Âð� Å� .´¨� (R, .R,+R,1R,0R) Û·õÂ� ü�±õ 6.2 ��Ìì �� ßþ�ø .¢�� Àû��¡ Ó�ã® ÂþÁ�Çþ�Þ÷-FA ö� ´¡�¨ Âþ¥ ×þ ö���ã � (Z,×) ,Àª��,´¨� ÍÜè ÓÜ¡Âê Å� ,´¨� Ëì��� ¤¢ (Ó�ã® �� ý�ì ��) (Z,×,+,0,1) ö¢�±÷ ÂþÁ�Çþ�Þ÷-FA.¢¤�¢ ÂÔ¬�÷ ý� �Ê¿Èõ ,ÂþÁ�Çþ�Þ÷F ¤�ÀØþ ý �ÖÜ� Âû ü�ãþ:7.3 ��Ìì.Àª�� ÂþÁ�Çþ�Þ÷-FA À÷��µ�Þ÷ ÂÔ¬ ý�Ê¿Èõ�� üû��µõ�÷ ö�À�õ º�û:ö�ûÂ�ÂÔ¬ ý �Ê¿Èõ�� ý¤�ÀØþ ý �ÖÜ� º�û �î �¹÷� ¥� .¢�Þ÷ üÖÜ� ¤�ÀØþ ý �ÖÜ� ×þ ö���ä �� ö��µ�õ �¤ F ö�À�õÂþÁ�Çþ�Þ÷-FA À÷��µ�Þ÷ F Û·õ ÂÔ¬ ý�Ê¿Èõ�� üû��µõ�÷ ö�À�õ º�û Å� .Àª�� ÂþÁ�Çþ�Þ÷-FA À÷��µ�Þ÷.Àª��

( Büchi ) ü¡�� ö���õ��� 2.3ýø¤ üû��µõ�÷ ý��µª¤ ý¢ø¤ø ö���ä �� �î ´¨� ( üãÎì Â�è ) üû��µõ ö���õ��� ×þ ,ü¡�� ö���õ��� ×þý�ä�Þ¹õ ö���õ��� ßþ� ö��¥ .¢ÂþÁ�üõ �¤ ¢�¡ ý Σ ý�±Ôó�©ÂþÁ� ���� ¥� üØþ ¥� Ûì�À� w öÀ÷��¡ �� (´þ�ú÷ü� ¤¢ �f Þµ½õ) ö���õ��� �ú÷� ý�Â� �î w ∈ Σω ý�Þû }

{À�î ¤�±ä üþ�ú÷.À�þ�Þ÷ �ã��Âõ [34] â�Âõ �� ö���õ��� ßþ� ¢¤�õ ¤¢ ÂµÈ�� ������ ý�Â� .´¨�44



�ûö��¥ ¥� üû��µõ á�Þµ�� L Âð� ÍÖê ø Âð� ¢�ªüõ ©ÂþÁ� ü¡�� ß�ª�õ Í¨�� L ⊆ Σω ö��¥ �î ¢Âî ´��� ü¡��©ÂþÁ� üû��µõ ö���õ��� ×þ Í¨�� ü�ãþ ) .À÷�ÝÑ�õ ��÷ ø À�µÆû U, V ⊆ Σ∗ ö� ¤¢ �î Àª�� UV ω ÛØª ���î Àª�� V ω = {γ}∗ �î À�îüõ ��¹þ� |V ω| < 2ℵ0 ù�Ú÷� Àª�� ÝÑ�õ ø üú� Â�è V ⊆ Σ∗ ö��¥ Âð� ( À÷�ªüõý�û�µª¤ ýø¤ ý¥¤� Ýû ý�Î��¤ �î À��î ���� ( °ÜÎõ ßþ� í¤¢ ý�Â� ) .´¨� üû��µõ ý��µª¤ γ ö� ¤¢
{γ}∗ ÛØª �� ý¥¤� Ýû ý�û§�î ý�¤�¢ ¢�ªüõ ÓþÂã� α ∼ β ⇐⇒ ∃i, j αi = βj ý�Ü�¨�� �î üû��µõö� ¤¢ �î V ω = {γω} ßþ�Â���� ø À÷¥ ¤�Ýû Ýû �� V ¤¢ �µª¤ ø¢ Âû �¤�¬ ßþ� ¤¢ Àª�� |V ω| < 2ℵ0 Âð� .´¨�.´¨� V Ûõ�ª ý¥¤�Ýû §�î {γ}∗ö��¥ ßþ� Âð� ÍÖê ø Âð� ´¨� ÂþÁ� É�¿È� - ü¡�� ,Σω ¥� �ä�Þ¹õÂþ¥ ×þ �î À�îüõ ÝØ� ü¡�� ý��Ìì�ã��Âõ ℄34[ â�Âõ �� ) Àª�� Σ ýø¤ üó�� â��� ×þ ö��¥ �øa¢ ý��¤¢ ß�Ø� ü�ãþ Àª�� S1SΣ ¤¢ ÓþÂã� Û��ì.À�µÆû �µÆ� ýÂ�ð ÝÞµõ ´½� ÂþÁ� É�¿È� - ü¡�� ý�û�ä�Þ¹õ ,�î ßþ� �f¬�Ê¡ .(¢�ªÂþÁ� Çþ�Þ÷ - ü¡�� ý�û´¡�¨ 1.2.3� û´¡�¨ ý�Â � ýÂ þÁ � Çþ� Þ ÷ ü¡� � ��ú Ô õ � � � õ ,ýÂ þÁ � Çþ� Þ ÷ −FA ÓþÂã � ¤¢ üã � ±Ï ��Â � � ç � � �
−ω �î ¢Àãµõ ý�û´¡�¨ ö��õ ¥� ( À÷�ªüõ ùÀ�õ� ÷ �� ÷ ×���õ��� −ω �û´¡�¨ ßþ� ) ´ê�þ Ý�û��¡ ´¨¢ø ´¨� {0,1} �õ ý�±Ôó� ñ�·õ ßþ� ¤¢ .¢Âî ù¤�ª� (P(N), ϕ,N,∪,∩,′ ) ñ�� Â±� �� ö���üõ À�µÆû ×���õ���áøÂª ÂÔ¬ �� ý��µª¤ Âð� ) ÝþÂ�ðüõ ÂÑ÷¤¢ ×þ ø ÂÔ¬ ¥� üû��µõ�÷ ý�û�µª¤ �¤�¬ �� �¤ N ý�û�ä�Þ¹õÂþ¥ü�ãþ ¢�ª áøÂª 1 �� �µª¤ ßþ� Âð� ø ´Æ�÷ ´¨� ö� Çþ�Þ÷ �µª¤ ßþ� �î N ¥� �ä�Þ¹õÂþ¥ ö� �Ìä 1 ü�ãþ ¢�ª.¢�ª üõ (Qp,+) ø (Zp,+) ,(R,+) Ûõ�ª ÂÚþ¢ üã�±Ï ý�ûñ�·õ .( �Áúó�Åì ø ´Æû �ä�Þ¹õÂþ¥ ö� �Ìä 1Àã� �� ý¤�¢Â� −Q ý�Ìê ×þ ýø¤ üÜ�� üþ�ûùøÂð ø¢ Âû �î �Â� À÷�´�Þû� ���� ¤��Æ� (Qp,+) ø (R,+)��±�� ý�úªø¤ ¥�û¢�Ôµ¨� �� .Â�¡ �þ ´¨� ÂþÁ� Çþ�Þ÷ FA ,(Q,+) ´Æ�÷ ��Üãõ ¥��û �î üó�� ¤¢ ,À�µÆû 2ℵ0ø ü��þ¥ ¤� É½Ô� ´�¬�¡ Û�±ì ¥� ÂþÁ�Çþ�Þ÷ −FA ý�û´¡�¨ Ýúõ «��¡ �î ¢�¢ ö�È÷ ö���üõ ü¡�� ��Ìì.À�µÆû ë¢�¬ ��÷ ÂþÁ� Çþ�Þ÷ - ü¡�� ý�û´¡�¨ ý�Â� ö��»Þû ,�ú÷� �þÂÑ÷ ýÂþÁ� Ý�ÞÊ� ��÷
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ÂþÁ� Çþ�Þ÷ −FA ý�û´¡�¨ §�î üðÀ�»�� 3.3ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ U ´¡�¨ÝþÂ�Ú� Ý�ÞÊ� Ý�÷��µ� (a1, . . . , ak) ∈ |U|k Âû ý�¥� �� Âð� Ý�þ�ð ÂþÁ� Ý�ÞÊ� U ¤¢ �¤ R üã®�õ −k �bÎ��¤
x1 ÍÖê ö� ¤¢ �î ϕ(x1, . . . , xk) ö�� üó�õÂê Í¨�� R ý�Î��¤ À��îÂê .Â�¡ �þ ´Æû (a1, . . . , ak) ∈ Rý��ä�Þ¹õ ü�ãþ ,´¨� üû��µõ ÂþÁ� Û¬� U ´¡�¨ À��îÂê ��÷ Àª�� ùÀª ÓþÂã� U ¤¢ ,À÷¢�¥� Â�çµõ xk ��Ý�ª�� �µª�¢ σ ý�ÜÞ� Âû ý�Â� �î Àª�� ¢���õ ö��� U ´¡�¨ ö��¥ ¤¢ ñøa� ��¤¢ ��Þ� ¥� Γ0 ö�� üû��µõ

|=U σ ⇐⇒ Γ0 ⊢ ϕ(a1, . . . , ak)Û · õ ° �Â õ ü þ� � k ý�Â � � î ´ ¨� ß þ� ñ¢� ã õ U ´¡� ¨ ¤¢ R ý� Î ��¤ ýÂ þÁ �Ý � Þ Ê � �¤� ¬ ß þ� ¤¢:ü�ãþ Â�Õ�ì¢ �¤�¬ �� .Â�¡ �þ ¢�ªüõ �¹�µ÷ Γ0 ¥� ϕ(a1, . . . , ak) Ý��î É¿Èõ (a1, . . . , ak) ∈ |U|k

.(a1, . . . , ak) ∈ R ⇐⇒ |=U ϕ(a1, . . . , ak) ⇐⇒ Γ0 ⊢ ϕ(a1, . . . , ak)�b Þû ý�ä�Þ¹õ ¥� ´Æ�¤�±ä CnΓ0 .´¨� ùÀª ù¢�¢ ñø� ý��¤¢ ��Þ� ¥� Γ0 ö�� ý��ä�Þ¹õ À��îÂê.CnΓ0 = {σ| Γ0 |= σ} :À÷�ªüõ ��µ�µ¨� Γ0 ¥� üÖÎ�õ �¤�¬ �� �î üóø� ��¤¢ ��Þ�Ý�ÞÊ� U ö�� üû��µõ ÂþÁ�Û¬� ´¡�¨ ¤¢ (a1, . . . , ax) Û·õ |U|k ¥� ÝÑ�õ üþ�� k Âû ý�Â� �î �¤ R ý�Î��¤.Ý�û¢üõ ö�È÷ ∆01 �� �¤ �ú÷� ø Ý�þ�ðüõ U ýø¤ üµÈð¥�� ý��Î��¤ ,´¨� ÂþÁ�Ý�ª�� �µª�¢ �î Àª�� ¢���õ ö��� U ¤¢ R ö�� üµÈð¥�� ý�Î��¤ Âð� ÍÖê ø Âð� ´¨� Σ01 ,U ýø¤ τ �Î��¤
−→a ∈ τ ⇐⇒ ∃b (−→a , b) ∈ RÝ�ª�� �µª�¢ �î Àª�� ¢���õ ö��� U ¤¢ R ö�� üµÈð¥�� ý�Î��¤ Âð� ÍÖê ø Âð� ´¨� Π01 ,U ýø¤ S ý�Î��¤
−→a ∈ S ⇐⇒ ∀b (−→a , b) ∈ Rýø¤ âì�ø ¤¢) Í��ø ¤ ø â���� ýø¤ Ý�÷��µ� ü�ãþ Ý�û¢ ©ÂµÆð �øa¢ ��¤¢ ���Þ½õ ÕÎ�õ �� �¤ ö��¥ Âð� ñ��:Àõ� À�û��¡ ¤¢ Âþ¥ �¤�Ê� ��� Óþ¤�ã� .Ýþ¤�ÁÚ� ¤�¨ ��÷ (U ´¡�¨ ý�û�ä�Þ¹õÂþ¥46



ö��� Λ0 ö�� �øa¢ ý��¤¢ ��Þ� ¥� üû��µõ ý�ä�Þ¹õ Âð� ´¨� �øa¢ ý��¤¢ üû��µõ ÂþÁ�Û¬� U1 ´¡�¨
|=U1 σ ⇐⇒ Λ0 ⊢ σ :Ý�ª�� �µª�¢ σ ö�� �øa¢ ��¤¢ ý�ÜÞ� Âû ý�¥� �� �î Àª�� ¢���õ�øa¢ ý��¤¢ üû��µõ ÂþÁ� Û¬� ´¡�¨ ¤¢ |U|k ¥� �Î��¤ Âû ý�¥� �� �î �¤ R ö�� üã®�õ k Í��ø¤ ¥� ý��ä�Þ¹õ.Ý�õ�÷üõ ∆11 �þ �øa¢ ��¤¢ üµÈð¥�� ,´¨� ÂþÁ� Ý�ÞÊ� U1 ö��¢���õ ö��� ´¨� ∆11 �î R ö�� ý��ä�Þ¹õ Âð� ÍÖê ø Âð� ´¨� Σ11 ,U1 ýø¤ T Û·õ Í��ø ¤ ¥� ý��ä�Þ¹õÝ�ª�� �µª�¢ R �Î��¤ Âû ý�Â� �î Àª��

.R ∈ T ⇐⇒ ∃f (R, f) ∈ R¢���õ ö��� ´¨� ∆11 �î R ö�� ý��ä�Þ¹õ Âð� ÍÖê ø Âð� ´¨� Π11 ,U1 ýø¤ S Û·õ Í��ø ¤ ¥� ý��ä�Þ¹õÝ�ª�� �µª�¢ R �Î��¤ Âû ý�¥� �� �î Àª��

.R ∈ S ⇐⇒ ∀f (f,R) ∈ R :Ýþ¤�¢ ñ��.´¨� Σ11 ÂþÁ� Çþ�Þ÷ −FA´¡�¨ ø¢ ý�Â� üµ¿þ¤×þ ý�ÜÿÆõ
|β| �� |α| ¥� f ö�� üã��� Âð ÍÖê ø Âð� ´¨� ´¿þ¤×þ β �� α .ÀþÂ�Ú� ÂÑ÷¤¢ ö��¥ ×þ ¤¢ �¤ β ø α ´¡�¨:À÷�ª �Ô� Âþ¥ Íþ�Âª �î Àª�� ¢���õ ö��� (f : |α| −→ |β|)

f(x) = f(y) ⇐⇒ x = y ∧ Rg(f) = |β| Àª�� �ª�� ø ×þ �� ×þ f -1
.Rgf = {b ∈ |β|

∣
∣
∣ ∃x f(x) = b}ÝÑ�õ üþ�� k Âû ø β ø α´¡�¨ ö��¥ ¤¢ R üã®�õ k ý��Î��¤ ¢�Þ÷ Âû ý�Â� -2Ý�ª�� �µª�¢ |α| ý�Ìä� ¥�

.(a1, . . . , ak) ∈ Rα ⇐⇒ (f(a1), . . . , f(ak)) ∈ RβÝ�ª�� �µª�¢ c Û·õ ´¡�¨ ø¢ ßþ� ö��¥ ¤¢ ´��� ¢�Þ÷ Âû ý�Â� -3
.f(cα) = cβ 47



ü�ãþ ÝþÂ�Ú� ÂÑ÷¤¢ À�µÆû β �� α ¥� ( üÎ��ø ¤ ) â���� âì�ø ¤¢ ö� ý�Ìä� �î �¤ αβ ÀþÀ� ´¡�¨ Âð� Å�
αβ ´¡�¨ ¤¢ ë�ê «��¡ �� f ö�� üã��� Âð� ÍÖê ø Âð� À�µ¿þ¤×þ Ýû �� β ø α ´¡�¨ .|αβ| = |α| × |β|

β ø α´¡�¨ ø¢ üµ¿þ¤×þ ¢¤�õ ¤¢ ýÂ�ð Ý�ÞÊ� ý �ÜÿÆõ ,Ý�õ��� Ψ�¤ 3 �� 1 ��Þ� Û¬ø Âð� .Àª�� ¢���õý �ÜÞ� üµ¨¤¢ ¢¤�õ ¤¢ Ý�ÞÊ� âì�ø ¤¢
∃f ∈ αβ Ψ.´¨� Σ11 ÓþÂã� Õ±Ï �ÜÿÆõ ßþ ��¹�µ÷ ¤¢ ø ´¨� ∆11,Ψ Å� À�µÆû ÂþÁ� Ý�ÞÊ� 3 �� 1 ��Þ� ö�� .´¨�.´¨� Ûõ�î −Σ11 ÂþÁ� Çþ�Þ÷ −FA é�Âð ø¢ üµ¿þ¤×þ ý�ÜÿÆõ 1.3.3 ��ÌìÛþÀ±� Û��ì �ÜÿÆõ ßþ� �� ÂÚþ¢ Σ11 �ÜÿÆõ Âû Ý��î ´��� ´¨� üê�î ÍÖê ø ´¨� Σ11 �ÜÿÆõ ßþ� �î ´¨� É¿Èõ�î ´¨� ÂþÁ� Çþ�Þ÷ −FA üê�Âð âì�ø ¤¢ ø ´¨� ÂþÁ� Çþ�Þ÷ −FA ý�ûé�Âð ¢¤�õ ¤¢ �ÜÿÆõ ßþ� ö�� .´¨�ø À��Ýû üþ�ûé�Âð �� �¤ é�Âð ø¢ ßþ� ý�ùÀª �µ¡��ª ý�ûÝµþ¤�Úó� �� ö���üõ Å� Àª�� ö���õ��� ×þ é�Âð.¢�Þ÷ ÛþÀ±� ¤ø¢ öøÀ�¥� �ó�±÷¢ ø¢ ö¢�� À÷�È�� �ÜÿÆõ ÛþÀ±� ý�Â� üÞµþ¤�Úó� �¹÷� ¤¢ .´¨� ùÀõ� [14] â�Âõ ¤¢ ��Ìì ßþ� Ûõ�î ��±��.´¨�ùÀª ���¤�,ÂþÁ� Çþ�Þ÷−F é�Âð ø¢ üµ¿þ¤×þ �ó�Æõ�� ,´¨� Ûõ�î −Σ11 ý� �ó�Æõ �fä�÷�î üã�±Ï ¢�Àä�
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�¤�ú� ÛÊê
ÂþÁ� Û¬� �f�û��µõ �±ª ýÂ±� ý�û¤�µ¡�¨

ÂþÁ� Û¬� �±ª ý�ûùøÂð 1.4,ü�û£ ý���õ¥ Å� ×þ ¢�¹þ� ý�Â� .ÝþÂ� ¤�Ø� �ûùøÂð Ó�¬�� ý�Â� �¤ ýÂÚþ¢ ©ø¤ Ýþ¤�¢ ÀÊì �õ ÛÊê ßþ� ¤¢Çóøa� ý�±�Âõ ý�þÂÑ÷ �� Àó�Þó� üû��µõ ùøÂð ×þ ù¥�À÷� �� �� �î Ý��îüõ ¶½� ßþ� ¢¤�õ ¤¢ �õ Ç¿� ßþ� ¤¢�Ø�þ� Â�Ñ÷ ü��ä�Ï� Ûõ�ª ,À�µ¨¤¢ G ùøÂð ¤¢ �î üóøa� ý��¤¢ ��Þ� ��Þ� ü�ãþ Th(G) .¢�ªüõÉ¿Èõý��¤¢ ÕÎ�õ ¤¢ ùøÂð ×þ ���¬�Ê¡ ¥� ý¤��Æ� üóø .Àª��üõ . . . �þ ´¨� ��� öøÀ� �þ ´¨� ö��� ��� G �þ�ùøÂðÂþ¥ Âû ü�ãþ ) ö¢�� ÝÞ�Æî�õ ¯Âª ßµª�¢ ,ö¢�� Àó�Þó�üû��µõ ,ñ�·õ ý�Â� .À�µÆ�÷ ýÀ�� ñ�õÂê Û��ì ñøa�´�¬�Ê¡×þ .À�µÆ�÷ G ùøÂð ¥� ñøa� ��¤¢ ü���¬�Ê¡ ,ö¢�� ù¢�¨ ø ( Àª�� Àó�Þó�üû��µõ ,G Û·õ ùøÂð ×þ�� .Â�¡ �þ ´¨� ü��£ ´�¬�Ê¡ ö� �þ� �î ´¨� É�¿È� Û��ì ´Ö�Ö� ßþ� �� G Û·õ üûøÂð ¥� ñøa� ý��¤¢Â�Ñ÷ ü���¬�Ê¡ �î �¹÷� ¥� .( ö� �� ¯��Âõ Í��ø ¤ ø Çþ�Ìä� ¥� ) ´ê¤ öøÂ�� G ¥� ö���üÞ÷ ÂÚþ¢ �¤�±ä.¢�Þ÷ Õ�Ö½� �¤ �ú÷� G Û¡�¢ ¤¢ ö���üÞ÷ ,¢¤�¢ üÚµÆ� G ý�û�ä�Þ¹õÂþ¥ �� ö¢�� Àó�Þó�üû��µõ �þ ö¢�� ù¢�¨?¢�ªüõÉ¿Èõ Th(G) �� G ù¥�À÷� �� �� Àª�� üû��µõ�÷ ø Àó�Þó�üû��µõ ,G Âð�49



Âð� ,Àª�� üû��µõ�÷ ø Àó�Þó�üû��µõ �î ý¤�Ï �� Àª�� ¢���õ H À�÷�õ ÂÚþ¢ üûøÂð À��îÂê Â�Õ�ì¢ ¤�Ï ��.H ≃ G Ý��î ÝØ� �� ´¨� �¥� ýÂµÈ�� ¯Âª �� .Th(G) = Th(H) Ý�ª�� �µª�¢
�¤�Ê� �¤ G ,ThG Âð� ÍÖê ø Âð� ´¨� ÂþÁ� Û¬� �±ª G Àó�Þó�üû��µõ ,üû��µõ�÷ ùøÂð 1.1.4 ÓþÂã��î Àª�� ¢���õ H ö�� ÂÚþ¢ Àó�Þó�üû��µõ ø üû��µõ� ÷ ùøÂð Âð� ü�ãþ ,Àþ�Þ÷ ýÀ�� Û¬� ¢Âê �� ÂÊ½�õ.H ≃ G Ý��î ÝØ� �¤�¬ ßþ� ¤¢ ,ThG = ThHùøÂð ×þ ñøa� ý��¤¢ ýÂþÁ� Û¬� ýø¤ �î ´¨� üê�®� Íþ�Âª �� À�î�b � ý�Â� " �±ª ' ´çó �î À��î ����«��¡ ,G Û·õ üûøÂð ö¢�� Àó�Þó�üû��µõ �þ ö¢�� üû��µõ�÷«��¡ ,Ýþ¢Âî ù¤�ª� �f ±ì �î ¤�Î÷�Þû .Ýþ¤�Áðüõ��Ö� üóø Ý��îüõ üÖÜ� Âê Ç�� ö���ä �� �õ �¤ ¯Âª ø¢ ßþ� ßþ�Â���� .À�µÆ�÷ ñøa� ý��¤¢ ÕÎ�õ ¤¢ ö��� Û��ì.À�ª�� ñø� ý��¤¢ Àþ�� Ý��îüõ Ó�¬�� �ú÷� �� �¤ G ùøÂð �î üó�¬�

.´¨� üû��µõ ÂþÁ� Û¬� ,��� öøÀ� Àó�Þó�üû��µõ üÜ�� ùøÂðÂû 2.1.4 ñ�·õ
Zn �� ý� n ý�¥� �� Àó�Þó�üû��µõ ��� öøÀ� üÜ�� ùøÂð Âû Àó�Þó�üû��µõ üÜ�� ý�ûùøÂð ýÀ��ù¢¤ ��Ìì Õ±Ï�ú�� ,´¨� ÂþÁ� Û¬� Z �î Àª ù¢�¢ ö�È÷ ��õÀÖõ ÛÊê ¤¢ 1.2.1 ý ��Ìì ¤¢ �î ¤�Î÷�Þû �õ� .´¨� é¤�õø�þ�ÓþÂã� Âþ¥ ñøa� ý��¤¢ ��Þ� �� ´�¬�¡ ßþ� ∣∣∣ Zn2Zn

∣
∣
∣ = 2n �î ´¨� ö� À�îüõ �þ�Þµõ Z ¥� �¤ Zn �î ý���´¨� ÂþÁ�

{2G} : ∃y x = y + y

{
G2G} : x ∈ 2G =⇒ x = 0

∣
∣
∣
G2G ∣

∣
∣ = 2n ∃a1 ∃a2 . . . ∃a2n:
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(a1 6= a2 ∧ a1 = a3 ∧ a1 = a4 . . .
∧ ( a2 6= a3 ∧ a2 = a4
∧ a3 6= a4...
∧ a2n−1 6= a2n


















∧ ∀y y = a1 ∨
y = a2 ∨...
y = a2n)ü�ãþ À÷�ª �¹��� G ¥� �Ìä Âû �� �î ö� ¥� üþ�Ìä� ý�ä�Þ¹õ ¥� ´¨� �¤�±ä G Û·õ üûøÂð �îÂõ

Z(G) = {x ∈ G| ∀y xy = xy}ÀþÂ�Ú� ÂÑ÷¤¢ �¤ ùøÂð ßþ� �îÂõ ñ�� ´¨� ùøÂð ×þ G
Z(G) Å� ,´¨� ñ�õÂ÷ G ¤¢ Z(G) �î ´¨� É¿Èõý�Î��® �� γ : G −→ G

Z(G) ö�� üã�±Ï ÝÆ�ê¤�õ�ÞûÅ� ´¨� ñ�õÂ÷ G ¤¢ Z(G) ö�� .(Z( G
Z(G) ) ü�ãþ)� � �¤ G

Z(G) ùøÂð ü÷�Þû �Ìä �î ´¨� üµª�Ú÷ γ−1 ü�ãþ γ §�Øãõ ´ª�Ú÷ .¢¤�¢ ¢��ø γ(a) = aZ(G)ßþ� ´¨� ñ�õÂ ÷ ö� ¤¢ Z(G) �î ´¨� G ¥� ùøÂð Â þ¥ ×þ γ−1(Z( G
Z(G) )) Å� ,¢Â �üõ Z(G) ý�ä�Þ¹õñ�õÂ÷Âþ¥ ýÂ¨ ×þ �� ¤�î ßþ� �õ�¢� �� ( Z2(G) = γ−1(Z( G

Z(G) )) ü�ãþ ) Ý�û¢üõ ö�È÷ Z2(G) �� �¤ ùøÂðÂþ¥Ýþ¤�¢ ø Ý�þ�ðüõ G ýùÀ�þ��ê �îÂõ ýÂ¨ ö� �� �î Ý��îüõ �À�� ´¨¢ G ¥�
Z(G) = Z1(G) ≤ Z2(G) ≤ Z3(G) . . .

Zn(G) = G Âð� ÍÖê ø Âð� Ý�õ�÷üõ n ý�±�Âõ ¥� ö��� ��� �¤ G ùøÂð´ ¨� ùøÂ ð Û î ,ùøÂ ð ß þ� � îÂ õ � î �Â � ´ ¨� 1 ý� ± �Â õ ¥� ö�� ��� � ü Ü �� ùøÂ ð Â û � î ´ ¨� É¿È õ
( Z1(G) = Z(G) = G )

.´¨� ÂþÁ� Û¬� ,2 ý�±�Âõ ¥� ö��� ��� ��� öøÀ� ùøÂð Âû 3.1.4 ñ�·õ
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��Þ� ¥� üû��µõ�÷ ý�ä�Þ¹õ Í¨�� Àª ¢�þ ��õÀÖõ ÛÊê ¥� Û±ì ñ�·õ ¤¢ �»÷� À�÷�õ ùøÂð ßþ� ö¢�� ��� öøÀ�.´¨� ÓþÂã� Û��ì Âþ¥ �¤�¬ �� ñøa� ý��¤¢
∀x x 6= x2
∀x x 6= x3... ¢Âî ýÀ�� Û¬� Âþ¥ ñø� ý��¤¢ ��Þ� �� ö���üõ �¤ 2 ý�±�Âõ ¥� ö� ö¢�� ö��� ��� ùø�ä ��
Z(G) : ∀y xy = yx

G

Z(G)
: ∀x x ∈ Z(G) =⇒ x = 0 ´¨� ùÀª ÓþÂã� ��� ¤¢ x ∈ Z(G) �ÜÞ� ßþ� ¤¢ �î

Z(
G

Z(G)
) : ∀y ∈

G

Z(G)
xy = yx ´¨� ùÀª ÓþÂã� ��� ¤¢ x ∈

G

Z(G)
��÷ �ÜÞ� ßþ� ¤¢

Z2(G) = γ−1(Z(
G

Z(G)
)) : ∀y ∈ Z(

G

Z(G)
) ∀x ∈ Z(G) z = x · y

G = Z2(G) : ∀y ∈ G ∃x ∈ Zr(G) x = yÂî£ Û��ì ,À÷�ùÀõ� [25] ø [6] â��Âõ ¤¢ °��Â� �� �î 2Â��e ø 1ö�ªÂ�û ý�û¤�î Û¬�� �î Âþ¥ Ýúõ ��Ìì �¹�þ� ¤¢.´¨�4.1.4 ��Ìì.´¨� ÂþÁ� Û¬� �±ª ,2 ý�±�Âõ ¥� ö������ � �� öøÀ� ø À�ó�µó�üû��µõ ùøÂð Âû (Iý�þÂÑ÷ ý�¤�¢ �î À÷¢���õ ö��� G ø H À�÷�õ ,3 �±�Âõ ¥� ö������ ø ��� öøÀ� ø À�ó�µó�üû��µõ ý�ûùøÂð (II.G 6≃ H üóø ThH = ThG ü�ãþ ,À�µÆ�÷ é¤�õø�þ� Ýû �� üóø À�µÆû ö�ÆØþ:Ýþ¤�¢ H ø G Û·õ ö������ À�ó�µó�üû��µõ ùøÂð Âû ý�Â� �î ¢�¢ ö�È÷ [25] ¤¢ Â��e
Th(G) = Th(H) ⇐⇒ G× Z = H × Z ( ∗ )

Hirshon 1
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�î ¢Âî �ÂÎõ �¤ Ç¨Â� ßþ� ö�ÈþÂû Å³¨ .´¨� ´¨¤¢ H ø G ùøÂð Âû ý�Â� âì�ø ¤¢ ��Ìì ßþ� (⇐=) ´ÞÆì´¨� ùÀõ� ( ∗ ) ý�Î��¤ ¤¢ �î Ý�ÖµÆõ �ÂÌÜ¬�� ¤¢ �¤ Z ´ÞÆì ö���üõ B ø A Û·õ üþ�ûùøÂð �� ý�Â�:Ý�ª�� �µª�¢ �î ý¤�Î� ¢�Þ÷ éÁ�
ThA = ThB =⇒ A ≃ Bý�Â� ù¤��Þû üóø ´¨� ´¨¤¢ 2 ý�±�Âõ ¥� ö�� ���� ø ��� öøÀ� À� ó�µ ó�üû��µõ ùøÂð Âû ý�Â� °ÜÎõ ßþ�.´Æ�÷ ´¨¤¢ 3 ý�±�Âõ ¥� ö������ ø ��� öøÀ� À�ó�µó�üû��µõ ý�ûùøÂðö�È÷ [35] â�Âõ ¤¢ 3Â±Üþ¥ �î �Â� ´¨� ý¤øÂ® ö¢�� ��� öøÀ� ¯Âª ,I ´ÞÆì 4.1.4 ��Ìì ¤¢ �î À��î ����.G 6≃ H üóø ThH = ThG �î ý¤�Î� À÷¤�¢ ¢��ø 2 �±�Âõ ¥� ö������ ø À�ó�µó�üû��µõ ý�ûùøÂð �î ¢�¢üû��µõ üÜ�� �fã®�õ ø 2 ý�±�Âõ ¥� ö������ ùøÂð ø¢ �î ¢�¢ ö�È÷ [24] â�Âõ ¤¢ Â��e ,Â±Üþ¥ ý�û¤�î ©ÂµÆð ��À�µÆ�÷ é¤�õø�þ� Ýû �� üóø À�µÆû ü÷�ÆØþ ý�û�þÂÑ÷ ý�¤�¢ Âþ¥

.G =< a, b| a25 = 1, d−1ad = a6 > ø H =< a, d| a25 = 1, d−1ad = a11 >
4ÂþÁ� Û¬� �f�û��µõ �±ª ý�ûùøÂð 5.1.4 ÓþÂã�Àª�� �µª�¢ �¤ Âþ¥ Íþ�Âª Âð� ÍÖê ø Âð� Ý�þ�ð (QFA) ÂþÁ� Û¬� �f�û��µõ �±ª �¤ G ýÂ±� ´¡�¨.Àª�� À�ó�µó�üû��µõ ´¡�¨ ßþ� -2 .Àª�� üû��µõ�÷ ´¡�¨ ßþ� -1ÂÊ½�õ ¤�Î� �¤ ´¡�¨ ßþ� �î À�ª�� ¢���õ ´¡�¨ ßþ� ö��¥ ¤¢ ñøa� ��¤¢ ��Þ� ¥� üû��µõ ý�ä�Þ¹õ -3¢���õ ö��� Σ Û·õ ñøa� ý��¤¢ ��Þ� ¥� üû��µõ ý�ä�Þ¹õ ü�ãþ À��î Ó�¬�� ( ÝÆ�ê¤�õø�þ� À� ¤¢ ) ¢ÂÔ�.H ≃ G ù�ðö� ,|=H Σ �î Àª�� ¢���õ H ö�� ÂÚþ¢ ýÂ±� ´¡�¨ Âð� ü÷��¤¢ ø |=G Σ �f ø� �î Àª��

Zilber 3
Qusi - Finitly Axiomatizable Groups 453



.´Æ�÷ QFA ,üÜ�� ùøÂð º�û 6.1.4 ñ�·õ�Â ê � � ü Ü �� À � ó� µ ó�ü û� � µ õ ü Ü �� ùøÂ ð Â û ,À � ó� µ ó�ü û� � µ õ ü Ü �� ý� ûùøÂ ð ýÀ � �ù¢¤ � � Ì ì Õ ± Ïüû��µõ ÂþÁ� Û¬� üóø ,´¨� ÂþÁ� Û¬� Zn �î Ýþ¢�¢ ö�È÷ �f ±ì .´¨� A ∼= Zm1 × Zm2 × . . .× Zmr
× Zn¤¢ Z Âû ý�¥� �� �î �Â� Àª�� ��� öøÀ� ý�Ôó�b õ ý�¤�¢ À÷���üÞ÷ Àª�� ÂþÁ� Û¬� �f�û��µõ �±ª A Âð� Å� ´Æ�÷

x1 6= x1 + x1 ü�ãþ ´¨� ��� öøÀ� �î ¢¤�¢ ¢��ø A ¤¢ ý� x1 Ý�þ�Ú� Àþ�� ��� ü�¤�¡ Ý�ÖµÆõ �ÂÌÜ¬��Ûõ�ª À÷���üÞ÷ AÅ� .¢¤ø�üõ ÀþÀ� �¤ ñøa� ��¤¢ ý�ÜÞ� üû��µõ�÷ ¢�Àã� �î . . . ø x1 6= x1 + x1 + x1 øüûøÂð ùøÂð ßþ� üóø Àª�� A ≃ Zm1 × Zm2 × . . .× Zmr
ÛØª �� Àþ�� A ø¤ ßþ� ¥� Àª�� ��� öøÀ� ý�Ìä�.´Æ�÷ QFA ,üÜ�� ùøÂð º�û �Áó .´¨� ö¢�� QFAÓþÂã� 1 ¯ÂªËì�÷ ø ´¨� üû��µõ.¢�� Àû��¡ ThD ⊆ ThC ù�ðö� C ⊂ D Ý�ª�� �µª�¢ D ø C Û·õ �û´¡�¨ ¥� §�î ø¢ ý�Â� Âð� �î Ý�÷�¢üõ

ThD & ThC �� Ýþ¤�ÁÚ� D ø C ý�û§�î ýø¤ üÏÂª �� �î ´¨� ßþ� ¢�ªüõ �ÂÎõ �� ßþ� �î üÈ¨Â�.¢�ª C ´¡�¨ ý�þÂÑ÷ ¥� ý�ùÂ¨ ý�ä�Þ¹õÂþ¥ ,D ´¡�¨ �þÂÑ÷ ü�ãþ ?¢�ª
ThD ⊂ ThC ù�ðö� Àª�� D − C ¥� ý�Ìä G ý QFA ýÂ±� ´¡�¨ Âð� (QFA×½õ) 7.1.4 ��Ìì.¢�� Àû��¡
ϕ ý�ÜÞ� .À�îüõ ýÀ�� Û¬� �Â÷� Σ0 ö�� üû��µõ ý��ä�Þ¹õ Å� ,´¨� QFA üµ¡�¨ GÂê Õ±Ï ö��ü�ãþ G ∈ D − C Âê Õ±Ï ,ÝþÂ�ðüõ ÂÑ÷ ¤¢ ( ´¨� üû��µõ �ú÷� ¢�Àã� �î ) Σ0 ��Þ� ��Þ� Û¬ø �¤ý�ÜÞ� Âû ý�¥� �� ü�ãþ ´¨� ��� ý��þÂÑ÷ ThU �î Ý�÷�¢üõ U ∈ C Û·õ ´¡�¨ Âû ý�Â� ùø�ã� .G 6∈ Cüµ¡�¨ ¤¢ Âð� �î �Â� |=U∼ ϕ Ýþ¤�¢ U ∈ C ´¡�¨ Âû ý�Â� �õa� .|=U∼ σ �þ ø |=U σ �þ σ À�÷�õ ñøa� ý��¤¢¤¢ |=U ϕ Ý�ª�� �µª�¢ U ö�� üµ¡�¨ ý�Â� ( ÓÜ¡Âê ) Âð� ü�ãþ Àª�� ´¨¤¢ ϕ ñøa� ý��¤¢ ý�ÜÞ� U Û·õö¢�±÷ ÕÜãµõÂê é�¡ ßþ� üóø .U ≃ G - ��¨ ´�¬�¡ -QFA ý�û´¡�¨ ÓþÂã� Õ±Ï �¤�¬ ßþ�ö�� .|=U∼ ϕ ´ª�¢ Ý�û��¡ U ∈ C ´¡�¨ Âû ý�Â� ø ´¨� ÛÏ�� ÓÜ¡Âê Å� .´¨� C §�î �� −G¼®�ø .∼ ϕ ∈ ThC Å� À�µÆû ë¢�¬ C ´¡�¨ Âû ¤¢ �î ´¨� üóøa� ý��¤¢ ��Þ� ý�Þû ý�ä�Þ¹õ ThC´¨¤¢ §�î ßþ� ý�û´¡�¨ ��Þ�¤¢ Àþ�� ( ÓÜ¡Âê ) Àª�� ∼ ϕ ∈ ThD Âð� �î �Â� ∼ ϕ 6∈ ThD �î ´¨�54



Â�è ThC − ThD ý�ä�Þ¹õ �Áó .∼ ϕ 6∈ ThDÅ� |=G ϕ Ýþ¤�¢ ø G ∈ D Âê Õ±Ï«�Ê¿ó�� .Àª��.ThD ⊂ ThC �î ´¨��ãõ ö�À� ßþ� ø ´¨� üú�ö������ ý�ûùøÂð 1.1.4.À÷¢Âî É¿Èõ ýÂ±� �f õ�î ý�û©ø¤�� ö������ ý�ûùøÂð ý�Â� �¤ ö¢�� QFA´�¬�¡ [27] 5ë�±a¬ ø Â��e¤ÀÖ÷� Z(G) ü�ãþ ùøÂð ßþ� �îÂõ Âð� ÍÖê ø Âð� ´¨� QFA ,G À�ó�µó�üû��µõ ö ������ ùøÂð ,üÞ¨¤ Â�è ¤�Î�.¢�¢ ��aÞ� �Â÷� ö��µ÷ �î Àª�±÷ ï¤��ü � ã þ Ý � û¢ü õ Ç þ� Þ ÷ G′ � � �¤ G ùøÂ ð ý� ûö�¢Â ðÂ � Í ¨� � ùÀ ª À � ó� � ùøÂ ðÂ þ¥ ,G ùøÂ ð ý�Â �
∆(G) = {x| ∃m > 0 s.t xm ∈ G′} � � � î ∆(G) �¤�¬ ß þ� ¤¢ .G′ =< {x−1y−1xy| x, y ∈ G} >ý�Þû ��ÞÌ÷� � � G ¤�À �� � Â¬� �ä üõ�Þ � Ûõ�ª ´¨� G ¥� ü ó� õÂ ÷ ùøÂ ðÂ þ¥ ß þÂ µØ��î ,¢�ªüõ ÓþÂã �.¢�� Àû��¡ ��� öøÀ� üÜ�� ùøÂð ×þ G

∆(G) ü�ãþ ´¨� G ùøÂð ý�ûö�¢ÂðÂ�
QFA ,G ,�¤�¬ ßþ� ¤¢ .´¨� ö������ ü û��µõ�÷ À �ó�µó�üû��µõ ùøÂð ×þ G À��îÂê 8.1.4 ��Ìì.Àª�� Z(G) ⊂ ∆(G) Âð� ÍÖê ø Âð� ´¨�üÜ �� ùøÂ ð Âû ¤¢ ö�� �î ùÀª ù¢�¢ ö�È ÷ ß� �»Þû �¹ ÷� ¤¢ .´¨� ùÀõ� [27] â�Âõ ¤¢ � �Ìì ßþ� �� ± ��ü�ãþ ´¨� üû��µõ üûøÂðÂþ¥ �î üÜ�� ùøÂð ö� ¤�À��� Â¬��ä ¥� ´Æ�¤�±ä ∆(G) �î ü�¤�¬ ¤¢ Z(G) = G.À�ª�� QFA À�÷���üÞ÷ �ûùøÂð ßþ� Å� ,Z(G) 6⊆ ∆(G):À�ó¢�ãõ Âþ¥ ��Ø�� ,ö������ À �ó�µó�üû��µõ ùøÂð Âû ý�Â� 9.1.4 ��Ìì

Z(G) 6⊆ ∆(G) (I.´¨� Z �� é¤�õø�þ� Ý�ÖµÆõ �Â® ý�Ôó�bõ ý�¤�¢ �î ´¨� ö� ¤¢ üû��µõ ÅþÀ÷� �� üûøÂðÂþ¥ ý�¤�¢ G (II

Sabbagh 5
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.Àª�� x ∈ Z(G) − ∆(G) �î ¢¤�¢ ¢��ø G ¤¢ ý�xÅ� Z(G) 6⊆ ∆(G) ö�� (I =⇒ IIÀ ó� Þ ó�ü û� � µ õ G ö� � ß þ� Â � ùø� ä .´ ¨� �� � öøÀ � ü Ü �� ùøÂ ð × þ G
∆(G) À ª � µ Ô ð � » ÷� Õ ± Ï:Ý þ¤�¢ À ó� Þ ó�ü û� � µ õ ü Ü �� ý� ûùøÂ ð ýÀ � �ù¢¤ ý� �Ì ì Õ ± Ï ø ¢� � À û�� ¡ ß � � � � � ÷ G

∆(G) Å� ´¨�.´ ¨� G
∆(G) ùøÂ ð Û Þ ä ü · � ¡ � Ì ä E ö� ¤¢ � î x∆(G) 6= E Å� x /∈ ∆(G) ö� � . G

∆(G) ≃ Zm.< x∆(G) >≤ Zm ü � ã þ .´ ¨� Zm ¥� ü ûøÂ ðÂ þ¥ � Ì ä� ß þ� � � ùÀ ª À � ó� � ùøÂ ðÂ þ¥ �f Ê ¿ È õ Å �´ª�¢ Ý�û��¡Å� ,< x∆(G) >=< x > .∆(G) ≃ Z Å� ´¨� �Ìä×þ �ú�� ùøÂðÂþ¥ ßþ� Àó�aõ ö�� ùø�ã�
. < x >= Z × ∆(G) ≤ G.´¨� Z �� é¤�õø�þ� ,üÞ�ÖµÆõ �Â® ý�Ôó�bõ ý�¤�¢ �î ´¨� < x > ö�� üûøÂðÂþ¥ ý�¤�¢ GÅ�

Z � � é¤� õø� þ� Ý � Ö µ Æ õ �Â ® ý� Ô ó�b õ � � ü ûøÂ ðÂ þ¥ ý�¤�¢ G Ý � � î Â ê (II =⇒ I �� ± ��ý�ûÀó�õ ý�ä�Þ¹õ �Áó .´¨� üû��µõ G ý�ûÀó�õ ý�ä�Þ¹õ Âê Õ±Ï .H ≃ K × Z ≤ G ü�ãþ Àª��ßþ� ¥� üØþ Ûì�À� �õa� .´¨� üû��µõ ø ´¨� G ý�ûÀó�õ ¥� ý��ä�Þ¹õÂþ¥ ,´¨� G ¥� üûøÂðÂþ¥ �î ��÷ Hü�ãþ ´Æû G �îÂõ ¤¢ �fÞµ� (a) Û·õ ��� öøÀ� Àó�õ ßþ� .´¨� H ≃ K × Z �î �Â� ´¨� ��� öøÀ� �ûÀó�aõ
G ¤�À��� Â¬��ä ��ÞÌ÷� �� �ûö�¢ÂðÂ� Í¨�� ùÀª À�ó�� ∆(G) �î �Â� Àª�� À÷���üÞ÷ ∆(G) ¤¢ üóø a ∈ Z(G).Z(G) 6⊆ ∆(G) Å� À�µÆû

QFA ý�û�ÖÜ� 2.1.4
.´¨� QFA ,(Z,+,×) 10.1.4 ��ÌìÅ� ´¨� Ûõ�î â�Âõ ¤�ú� âÞ¹Ü¬�� ´±·õ ¢Àä Âû �î �Â� .À÷�ÓþÂã� Û��ì Z ¤¢ ´±·õ ¢�Àä� �î À��î ����

x ∈ N : ∃y1∃y2∃y3∃y4 x = y1 · y1 + y2 · y2 + y3 · y3 + y4 · y456



´¨� ÓþÂã� Û��ì Z ¤¢ °��Â� ùø�ä �� ø
x ≥ y ⇐⇒ ∃z ∈ N x = y + z.´¨� ùÀª ÓþÂã� ��� ¤¢ ,ö¢�� z ∈ N �ÜÞ� ßþ� ¤¢ �î´¨� ÓþÂã� Û��ì üã�±Ï ¢Àä Âû ý�Â� Ûþ¤�µî�ê â��� ��÷ ø,Ý��î Ó�¬�� �ú÷� �� À�ó�µó�üû��µõ�÷ ý�ÖÜ� ×þ ö���ä �� �¤ Z Ý�û��¡üõ �î �¤ üû��µõ ñ�¬�É¿Èõ ¤�Ï ��:À÷Âþ¥ �¤�Ê�üþ�¹��� ø ¤�¢ 1 ý�û�ÖÜ� ý�ä�®�õ ñ�¬� (ñøa� �µ¨¢

∀x ∀y ∀z x+ (y + z) = (x+ y) + z

∃0 ∀x x+ 0 = x

∀x ∃(−x) x+ (−x) = 0
∀x ∃y x+ y = y + x

∀x ∀y ∀z z × (x+ y) = (z × x) + (z × y) ∧ (x+ y) × z = (x× z) + (y × z)

∀x ∀y ∀z x× (y × z) = (x× y) × z

∃1 ∀y 1× y = y

∀x ∀y x× y = y × x :(0,1) ýù¥�� ö¢�� üó�¡ ø °��Â� ý�Î��¤ ÓþÂã� (�øa¢ �µ¨¢
∀x ∀y ∀z (x ≥ y ∧ y ≥ z) =⇒ x ≥ z

∀x ∀y (x ≥ y ∨ y ≥ x)

∀x ∀y (x ≥ y ∧ y ≥ x) =⇒ x = y57



∀x (x ≥ 0 ∧ x 6= 0 ∧ x ≤ 1) =⇒ x = 1:Ûþ¤�µî�ê â��� ¥� üµÈð¥�� ÓþÂã� (��¨ �µ¨¢
∀x > 0 f(x) > 0 ∧ f(0) = 1

f(x+ 1) = (x+ 1) × f(x)�Þû À�� ßþ� ��Þ� �î Àª�� ¢���õ ö��� H Û·õ ýÂÚþ¢ À�ó�µó�üû��µõ üû��µõ�÷ ý�ÖÜ� Âð� Ý��îüõ ´��� ñ��.´¨� é¤�õø�þ� Z �� H ù�ðö� ,À�ª�� ´¨¤¢ ö� ¤¢��Þ� �µ¨¢ �¨ Âû �î Àª�� ¢���õ ö��� H ö�� ýÀó�Þó�üû��µõ ø üû��µõ�÷ ý�ÖÜ� À��îÂê é�¡ Â�Â�è ÂÊ�ä ý�¤�¢ �ÖÜ� ßþ� Å� H 6≃ Z ö�� .Àª�±÷ é¤�õø�þ� Z �� H üóø À�ª�� ´¨¤¢ ö� ¤¢ ÂîÁó�ë�ê�ÖÜ� ßþ� ¤¢ n ¢�Àä� �î À��î ���� ) ´¨� Âµð¤�� �ÖÜ� ßþ� �Ìä n Û·õ ý¢Àä Âû ¥� �î ´¨� c ö�� ý¢¤�À÷�µ¨�¥� ��¨ ý�µ¨¢ Õ±Ï .∀n > 0 c > n ü�ãþ ( À÷�ªüõÉ¿Èõ ( ¤�� n ) n = 1H + 1H + 1H + . . . ��ÂÊ�ä ý�Â� É¡��� .f(r − 1)| f(r) Ýþ¤�¢ r Û·õ ÂÔ¬ ¥� Âµð¤�� ¢Àä Âû ý�¥� �� �ÖÜ� ßþ� �ä�®�õ ñ�¬�.r1∣∣r2 ⇒ r2H ≤ r1H Ýþ¤�¢ H ¥� r2 ø r1 �Ìä ø¢ Âû ý�Â� ùø�ã� .f(c− n)| f(c) Ýþ¤�¢ c ¢¤�À÷�µ¨� Â�è:ÀþÂ�Ú� ÂÑ÷¤¢ �¤ H ý�û �ÖÜ� Âþ¥ ¥� Âþ¥ ýùÂ�¹÷¥
f(c) ×H ≤ f(c− 1) ×H ≤ . . .À�ó�µó�üû��µõ �ÖÜ� Âû �î Ý�÷�¢üõ �õa� .´¨� üû��µõ�÷ ùÂ�¹÷¥ ßþ� Å� c− n > 0 ,n ¢Àä Âû ý�¥� �� ö��( H ¤¢ c ¢¤�À÷�µ¨� Â�è ÂÊ�äÂê �� ) �õ üóø ´¨� ¤�¢ ö�Âî ��� ¥� ö� ý�ûñ�ùÀþ� ýùÂ�¹÷¥ ü�ãþ ´¨� ýÂ��÷ÛÏ�� ÓÜ¡Âê �Áó .´¨� Ëì��� ßþ� ø ´Æ�÷ ¤�À÷�Âî ��� ¥� �î Ýþ¢¤ø� ´¨À� �¤ ö� ý�ûñ�ùÀþ� ¥� ý�ùÂ�¹÷¥.´¨� é¤�õø�þ� Z �� H ø ´¨�
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Abstract

The goal of this thesis is to study the finite ways of describing an arbitary group

uniquely up to isomorphisem. To approch this goal, we considered two ways: 1. A

group is finite-automaton presentable if its elements can be represented by strings

over a finite alphabet, in such a way that the set of representing strings and the

group operation can be recognized by a finite automaton.

2. An infinite finitely generated group is quasi-finitely axiomatizable if there is a

first order sentence in its language that describes it uniquely up to isomorphism.

In this thesis, we try to clarify the necessary notations and consepts like finite

automata and some logical tools. We also discuss about some restrictions and com-

plexities of the above two ways. The main source of this thesis is the paper:

Andrè Nies, Describing Groups, The Bulletin of Symbolic Logic, Volume 13, Number

3, Sept. 2007, 305-339.
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